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Different numerical models have been discussed in recent years to analyze the damage evolution in
concrete structures. In this paper, a gradient-enhanced damage model formulation, which is applied
to single edge-notched and L-shaped specimens, is explained. A new formulation of the finite
element equations is derived, with attention to C°-continuity requirements. This paper focuses on the
derivation of the governing equations as well as the implementation of the model with different mesh
discretization and discuss the results of the two examples. The difference between non-local damage
mechanics and gradient enhanced damage model is also discussed. The exponential softening
evolution law is used to define the damage variable and Mazars model of local equivalent strain is
applied to simulate the behavior of the problems.

Gl ses @ualnl*

Lot L Bl ot J1 28 (Aelg Bl Ao )] o

Ao lial | LI

el

) yoliall 42,1
EUMIRRY

@u\ill J)g_” CJ}M
oyl KolSe

LSSy Aalnall (olysedl Julmt) 2ualdl 23kl (o dpaall Gadas adlie sl lyiad! § cucs
sally Alupsdl wladll @ Sl HLAGT dolhe las 2l (as¥ly delidias caltie slgell
z350d 9l oSl 05 @3 A8yl s 3. Llaoyiel) lsgSa 51 alaa 4l s lylusy ilalxly
skas 3.V US4 e 5o L 38l e Bgtme 3y L 3o IS4 e Wiie e oty g oy0
Llizwl e 28,50 sda § 3841 @3 .Co Jbasl wildlate slelyay 3oumll juoliall c¥olal dyuz (s8G
Lele Jimeil] gilaadl Abling Halises (2lSd) losuads ol aiials z 30aill Gadas ey STl c¥slall
@ gl Hyally Jell e s pall LS6Ke o Gall 2adle IS @ oalisl) g dsadl G
c¥laa (MAzZars) zises guas @iy syl Glpiie casya) iy HLADN qu¥) gilall sl

Slgllsda gl 381l clldg 2l 11T

1. Introduction

There are many contributions to improve models to describe
continuum damage. Damage mechanics theories can be used to
describe the failure of structural materials and components by
accounting for the degradation of elastic properties due to accumulated
damage. For quasi-brittle materials like concrete, these micro-damage
processes represent the formation of micro-cracks that occur as the
structure is subjected to loading. Regularization techniques are
employed in continuum damage models to capture the nonlocal
behavior of micro-cracks, which ensures that the governing equations
are well-posed. In mechanics, this nonlocal behavior means that the
level of damage at a specific point is influenced by the damage in the
surrounding area. Alternatively to non-local softening models, there is
another interest model called gradient enhanced damage model which

presents more advantages over nonlocal models, since they are strictly
local in a mathematical sense. The constitutive equations in gradient
models are enhanced with additional spatial gradients of state
variables [19].

This paper is organized as follows: A basic description of elasticity
based on continuum damage model. A gradient formulation of a
damage model is derived from the non-local theory. The report covers
the numerical solutions by examining the spatial discretization of the
governing equations and presenting a consistent procedure for solving
the resulting equations. It describes the foundational models, including
the continuum damage models as well as the nonlocal and gradient-
enhanced damage models. The report then progresses to derive the
finite element formulation and conduct numerical validation. Finally,
it concludes with results from numerical simulations used to validate
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the model.

2. Continuum Damage Theory

The basic concept of continuum damage mechanics is that
microstructural defects (micro cracks, micro voids) in a material. As it
is illustrated in Figure (1), the microstructural defects can be
represented by a set of continuous damage variables. The value of the
damage variable ® at a specific point in the continuum indicates the
quantity and magnitude of defects within a small volume at that
location.

Fig. 1: Damage variable as a representation of microstructural defects
[14].

After a certain amount of loading, three regions can generally
appeared in the material domain Q as is shown in Figure (2). In part
of the domain, no damage may have developed. The damage variable
still has its initial value = zero in this region and the material properties
still have the virgin values. In the second region Q,, damage has
already occurred, but the damage is not yet critical (0 < w < I). The
limiting value @ = 1 has been reached in the third region Q, i.e., in
this region the mechanical properties and strength have been
completely lost. The completely damaged region . is the continuum
damage representation of a crack [14].

QD=1

Fig. 2: Damage distribution in a continuum [14].

2.1 Quasi-Brittle Damage:

Quasi-brittle fracture refers to fracture processes where, although there
is not significant large-scale plastic deformation, more energy is
required to create the crack surface than is typically needed. Figure (3)
illustrates the stress-strain response observed in tensile tests of
concrete specimens when the load is removed at regular intervals (e.g.,
Mazars and Pijaudier-Cabot; Shah and Maji, 1989) [14]. In this
diagram, the strain represented is an average strain [14]. A softening
behavior in the damaged region can be caused by the decrease of
stiffness after damage initiation. Softening means that the load-
carrying capacity will decrease with increasing deformation and its
evolution depends on the material characteristics.

0

0 &

Fig. 3: Stress-strain response of concrete in tension [14].

2.2 Nonlocal Damage Mechanics.

In the standard damage model, damage tends to become localized in
an increasingly small volume, often much smaller than the size of the
microstructural elements. This localized damage distribution conflicts
with the assumed smoothness of the damage variable [14]. Figure (4)
illustrates how non-local models smooth deformation and prevent
damage from localizing to a single surface. Instead of relying solely
on the strain history at a specific point, these models also consider the
strain field in the surrounding area.

local action nonlocal action

Fig. 4: local and nonlocal action [18].

In nonlocal damage theory, damage is determined not by the local
equivalent strain ., but by its nonlocal equivalent &,
Consequently, the loading/unloading function is reformulated by
substituting the local equivalent strain with its nonlocal counterpart,
which are now expressed as: f=&q—k @

2.4 Gradient-Enhanced Damage Model
Since the nonlocal model has some disadvantages that the model has
convergence problems due to inconsistent tangent operators. In the
gradient enhancement model, the nonlocal model is transformed into
a gradient-dependent formulation [13]. This is achieved by deriving a
gradient formulation directly from the nonlocal theory, which involves
expanding the local equivalent strain into a Taylor series as follows:
Eoq(Xx + &) = £oq(x) + Veoq(x).€ + % Ve (x).6% +
% Viegeq(0).83 + % Vigeg(x).6% + - (2)
where V™ represents the nt" -order gradient operator and £™ denotes
the nt" -order dyadic product of &, respectively. Applying some basic
algebraic operations, a gradient formulation can be expressed as

Eoq = Eeq + € Viegq +d Ve + - 3)
The constants ¢ and d involve the mathematical operation of
integrating the weight function g (&) with respect to the positive vector
& The last step is neglecting the higher order terms from expression
(3) and gives the following definition [2]
Eoq = Eoq + ¢ Viey 4)
In this expression, the nonlocal equivalent strain is expressed
explicitly in terms of the local equivalent strain, leading to what is
known as the explicit gradient-enhanced damage model. This model
has a disadvantage that a high order interpolation for the displacement
is required. To avoid this point, the implicit gradient enhanced damage
model can be used where the nonlocal equivalent strain is written as
an implicit form on the local fieldas &, — ¢ st‘eq = &gq (5)
which is the C°-continuity is required in the formulation. The constant
parameter ¢ can be defined from the square of the length scale as
following c=0.5.1? (6)
In order to solve the partial differential equation (5), additional
boundary conditions are required regarding the equivalent strain &,
have to be specified. Mathematically, the non-local equivalent strain
&qq OF the normal derivative Vs‘eq.ﬁ should be defined in every
boundary condition. Although no physical foundation exists, the
homogeneous Neumann condition has been proved to give reasonable
results [15] V.&q =0 onT (7
3. Finite Element Implementation
Since it is difficult to obtain an analytical solution of the governing
equations with damage and fracture problems even for simple
geometries and loading conditions, the numerical approach is required
to solve the Practical problems with complex geometries and non-
uniform loading. The equilibrium partial differential equations are
discretized in space by a finite element interpolation. An iterative
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procedure is used to solve the resulting set of nonlinear algebraic 6=(1-w)C'B,u— 9w 9K (el o Ne &y  (29)
equations [14]. 0K Ogeq

3.1 Governing Equations

The governing equations for quasi-static solids with a gradient-
enhanced damage model ,summarized as follows, include the
equilibrium equations and the implicit relationship between the
nonlocal equivalent strain and the local equivalent strain. [12]

- Equilibrium equation V.o+b=0 in Q (8)

- Non-local equivalent strain &, — ¢ st‘eq = g in Q(9)
- Constitutive equation 0;j =1 - o) Ciji & (10)
- Damage evolution law w = f(x) (11)
- Loading function f=&q—c (12)
- Loading/unloading condition (Kuhn-Tucker condition)
f=<0 K =20 fK =0 (13)
- Local equivalent strain Eeq = g(€) (14)
- Boundary conditions u=1u on I'y (15)
n.o =t on I'; (16)
V.%q =0 on T @an

3.2 Discretization

Transforming the governing equations into their weak form is used to
reduce the order of the derivatives appearing in these equations. For
this step, the Bubnov-Galerkin method is used to discretize the weak
form of the governing equations. At the element level, the
displacement and the nonlocal equivalent strain fields associated with
the weight functions are discretized as follows:

uh:Nuu ng:NuWu vgeq:N 5eqv W%eq:NEEq
Vw = B, wy,, Vw'geq =Bz, Wey Vel = Be,, eq (18)

By substituting relations (18) into the weak formulation of the
governing equations and expressing the stress and strain tensors in
vector form, we obtain:

fn Bl g da = fn I'NEb dQ+f wJNTtdF (19)
fnwgeq Bl ¢ By £,q dQ + fﬂwgeq NT N, seq dQ =

fﬂwgeq N g,q dQ (20)
which must be valid for any choice of w;,, and We,, Consequently, the
final discretized form of the governing equations is: [17]

fQBJ o dQ = fQN,f b dQ+ frtN,ff dr (22)

Jo BE € Beoq dQ+ [ NI Ne &g dQ = [ NI eq 0 (22)

3.2 Linearization

Equations (21, 22) are the coupled equations to be solved. Since they
are nonlinear equations, they must be linearized. According to the
Newton-Raphson method, the linearized change §a; of the stress
column ¢ in iteration i, is obtained starting from the matrix

Weeg

representation [15] c=(01-w)Ce (23)
of the stress-strain relation. Differentiating equation (23) , we get:
=1-w)C%é—- Clcw (24)
For the first term on the right-hand side, applying ¢ = b(u) =B u
directly gives: [15] e = B Su; (25)
2
where B, = 7 [Ny Ny oo N (26)
9,
aLV
22
y= 0@
w= K
_ Odw Ok
and = ox deeq €eq (27)

0w Ok 0&eq .
B Beq Oe

The Kuhn-Tucker relations (13) indicate that if damage increases

(i >0), the history parameter satisfies k = g¢q, S0 6k = dggq . If NO

damage increase occurs, i is given by = 0 . When damage does occur,

i is determined by comparing the current value of the non-local

equivalent strain to the converged value k; of the history parameter

from the previous increment. Thus, the change in damage dw; can be
. . ) w - w =
linearized as: o fea = 5 N &4 (28)

in egn. (27) is equal to 1 for loading and 0

6(")1' =
3

The parameter ——
0&eq

otherwise.
Combining (25) and (28) yields

Thus, the iterative change in the internal nodal forces can be expressed
d a
as: 6k, = J, BLloBdQ &u— [, B] ( cele a‘;’ X ) N.dQ 82, (30)

Applying this expression to the discrete equmbrlum equation for
iteration i results in:

_Kuu Su - Kue 659:1 fmt feljct (31)
where the stiffness matrices read
w= Jp BI ((1- w)¢?) B, do (32)
Ky = — [ BL (cel % ;{") N, d9 33)

and the nodal force vectors are given by

fort = fﬂNT b da + f NI £ dr (34)

fire = [y Bl 0 dQ (35)
In the same manner, the linearization of the relation (22) gives
Koy 6U — Ko 68,5 = —Kgp . Eoq + fﬂ NI &0q dQ (36)
where Ko, = — [, NI [aeeq] B, dQ (37)

Kee = [, (BI ¢B;+ NI N,.) dQ (38)

The linearized equilibrium and diffusion equations are summarized by
combining Equations (31) and (36) in the following system of
equations [17]:

rar | RN R
39
Ksu EE Eif ( )
with the internal nodal force vector
fine = Kee Eeq — fn NET Eeq aQ (40)

3.4 Derivatives of equivalent strain w.r.t strains
The derivatives of the equivalent strain with respect to the strain vector
are used to compute the tangent stiffness matrix in damage models,
and they are given by:
dge T de, dee de,

el = Ger 5 5 @)
In this paper, the Mazars model will be used to define the equivalent
strain criterion to simulate the behavior of specimens.
3.4.1 Mazars equivalent strain
In two dimensions, there are three principal strains. Two of these are
solutions to the following quadratic equation:

&2 — (exx + &yy) & + ExxEyy — Exy> =0 (42)
(exxteyy) £d

Namely &2 = - (43)
with d givenby  d = J (exx + syy)z + 4 £y (44)
The last principal strainis &5 = — 11’: (exx + &)  (45)

3.5 Solution algorithm

The algorithm for solving the system of equations with full Newton-
Raphson method is summarized in Box (1). Since fully coupled
implicit models are more difficult to implement, the staggered
approach is used to solve the system of equations.

Box (1): Flowchart for gradient-enhanced damage model with full
Newton-Raphson

1. Initialization:u =0, n = 0.
2. using the displacement increment, Estimate next solution u,,.,,
3. in the increment step level
3.1. Start the iterative process to solve for the displacement:
3.1.1. Determine the stiffness matrix K.
3.1.2. Determine the force vector fi%,.
3.1.3. Apply the essential boundary conditions.
3.1.4. Solve the system of equation for Su.
3.1.5. Check for convergence, if not go to step 3.1.1.
3.1.6. update the displacement quantities u,.; = u, + du
3.2. Start the iterative process to solve the non-local equivalent strain:
3.2.1. Use the updated displacement in the last iterative
Process iy ;1.
3.2.2. Determine the stiffness matrix K.
3.2.3. Determine the force vector f7,.
3.2.4. Solve the system of equations for §&,,.
3.2.5. Check for convergence, if not go to step 3.2.2.
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3.26. Update the non-local

quantities g1 = Eoq + 8&eqn.
4. Update displacement u,,,; and non-local equivalent strain &, ,.41.
5. Update the history parameter k; where k; = K,
*At the level of integration points in the iterative process to solve
for the displacement:

1- Compute the local equivalent strain e,q, = €¢q(£5)

2- Evaluate the loading function f = &, —«k
Epq » if
K , if

4- Compute the damage variable w = f (k)

5- Compute the stress 0 = (1 — w) C% ¢
4. Numerical Validation
These two examples are solved by the gradient enhanced damage
model that is discussed in this paper.
4.1 L-shaped Panel Test
The first example involves testing an L-shaped concrete specimen.
The geometry and loading conditions for the L-shaped structure are
illustrated in Figure (5). The concrete L-shaped specimen in Figure (5)
has been also studied by Zreid, I. (2014) [21].

le W |
f "

equivalent  strain

f=0

3- Check if loading or unloading x = { f <o

T

i X

F?’{
Fig. 5: The geometry and the loading conditions of the L-shaped
structure, and experimentally observed crack pattern.
This example is simulated using two different sets of material model
and damage parameters for Model 1 and Model 2, as detailed in Table
(1) [21]. The local equivalent strain is calculated using the Mazars
definition, and the damage evolution follows an exponential softening
law. The finite element discretization, consisting of 7500 elements, is
depicted in Figure (6).

undatormed mash

Fig. 6: the element discretization for L-shaped.
In this numerical example, the load is applied at the specified position
with a displacement increment of 0.04 mm and over 150 steps. The
specimen is fixed at the bottom. The nonlinear system has been solved
with a full Newton-Raphson method. The convergence criterion is
based on the norm of the internal force, with a tolerance of 1.0 x
1078 being selected.

Table 1: Characterization of L-shaped panel test of Model 1 and 2

Geometry Value
gg?amgtiils Quantity Model 1 Model 2 Unit
Geometry Width W 500 500 mm
Length L 500 500 mm
Elastic Young modulus E 25.85 18 GPa
Parameters Poisson ratio v 0.18 0.18 -
Nonlocal
Material Gradient parameter ¢ 1 5 mm?
Parameter
Damage initial dama_ge value k; 0.00125 0.0015 -
law Softening a 0.96 0.96 --
Parameters B 160 450 -

The load-displacement results curves are presented for Model 1 and
Model 2 in Figure (7) and Figure (8), respectively.

Force-displacement diagram

0 [kN]

Fig. 7: load-displacement curve for Model 1.

Force-displacement disgram

co (kN]

Displa

Fig. 8: load-displacement curve for Model 2.

The damage patterns at various loading stages for Model 1 are
presented, and the displacements at the end of the fracture process,
magnified by a factor of 10, are shown in Fi .

Fig. 9: The damage evolution in the L-shaped structure-Model 1.

where the blue colors indicate undamaged material and the reds refer
to fully damaged material. It can be noted that the first damage stage
is initiated with less than 90° then continued horizontally to the left
edge.

For Model 2, the damage evolution at several stages of loading are
presented as well as the deformation at the end of the fracture process
is showed with magnified by a factor 10, in Figure (10).
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Width w 100 100 mm
Geometry Length L 100 100 mm
Notch length d 50 50 Mm
Elastic Young modulus E 35 32.9 GPa
\ ‘ Parameters Poisson ratio v 0.2 0.2 -
Nonlocal
Material Gradient parameter ¢ 1 1 mm?
Parameter
Damage initial dama_ge value k; 0.05 0.03 -
law Softening a 0.96 5 --
Parameters B 100 0.8 --

Fig. 10: The damage evolution in the L-shaped structure-Model 2.

It can be observed that in this model, the damage evolution area is
larger compared to the previous model, due to differences in the
material parameters.

A good convergence has been achieved for implementation of this
code. This is illustrated in table (2) below. For example in Model 1,
the residual in several steps in case of solving the updated
displacement.

Table 2: Convergence at several steps of loading for L-shaped
structure

No. of Residual
Iterations Step 80 Step 100 Step 120
Iteration 1 0.13364 0.070672 0.035782
Iteration 2 6.0515 e-13 7.9947 e-13 9.8526 e-13

4.2 Single-edge notched Tension Test

The second example involves testing a single-edge notched mortar
specimen. The geometry and loading conditions for the single-edge
notched specimen are illustrated in Figure (11). This test has been
simulated using two different sets of material model parameters. The
firstis called (Model 1) and the other is (Model 2). The material model
parameters and damage parameters of Model 1 are taken from Nguyen,
V. P [12] and are given in the Table (3) while the material model
parameters of Model 2 are taken from Benvenuti, E et al [1] and are
given in the Table (3) but with different softening parameters.

increment

AFEAAAEAAA L 144144 E

JAYAYAYAYAYAVAYAYAVAYAYAYAYAYAYAYAYAYAY

Fig. 11: The geometry and the loading conditions of the Single-edge notched
specimen.

The geometry has been analyzed under plane stress conditions. Both
models have been analyzed with two different finite element
discretization with an increasing fineness of the element mesh in the
fracture zone. These discretization meshes consist of 1185 and 3892
elements, respectively.

In this numerical example, a uniform vertical displacement is applied
to the top of the specimen. The nodes along the bottom edge are fixed
in the y-direction, while the node at the left corner is also fixed in the
x-direction. Displacement control is used with increments of Au =
0.0004 mm and 80 steps for Model 1.

Table 3: Characterization of the single edge notched test of Model 1
and Model 2

Geometry Value
and Model Quantity Unit
Parameters Model 1 Model 2

For Model 1, the load-displacement results curve is depicted on a
medium and a fine mesh in Figure (12) and Figure (13), respectively.

Force-Displacement Diagram

Force [kN]

= = l.;i;ﬁlacemen( [|:n;'n]
Fig. 12: load-displacement curve for Model 1 — 1185 elements.

Force-Displacement diagram

Force [kN]

T

1
0015 002 0025 003
Displacement [mm)]

Fig. 13: load-displacement curve for Model 1 — 3982 elements.

Good convergence has been achieved for implementation of this code.
Table (4) illustrates the convergence at three different steps. For
Model 1 in case of solving for the updated displacement.

Table 4: The Convergence at several steps for the single edge notched
structure

No. of Residual
Iterations Step 40 Step 50 Step 60
Iteration 1 0.016338 0.022414 0.042863
Iteration 2 4.1067 e-15 5.1836 e-15 6.809 e-15

The nonlinear system has been solved with a full Newton-Raphson
method. The convergence criterion is based on the norm of the internal
force, with a tolerance of 1.0 x 1078 being chosen. The local
equivalent strain is calculated using the Mazars definition, and the
damage evolution follows an exponential softening law.

The damage patterns at several stages loading for Model 1 are
presented for medium and fine mesh in Figure (14) and Figure (15),
respectively.
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Fig. 17: load-displacement curve for Model 2 — 3982 elements.

==.~

Fig. 14: The damage evolution in the single edge notched with
medium Mesh - Model 1.

Fig. 15: The damage evolution in the single edge notched with
fine Mesh - Model 1.

It is evident that, in the initial stage of the fracture process, damage
starts at the right side of the notch and progresses to the end of the
right edge of the specimen.

For Model 2, the displacement control is used with increments Au =
0.0005 mm and 80 steps. And the other difference is that the softening
parameter, which are used to define the damage variable, are changed.
The local equivalent strain is calculated using the Mazars definition,
and the damage evolution law follows an exponential softening
equation. The load-displacement results curve is depicted on a medium
and a fine mesh in Figure (16) and Figure (17), respectively.

Force-Displacement diagram

Force [kN]

Displacement [mm]

Fig. 16: load-displacement curve for Model 2 — 1185 elements.

The damage patterns at several stages loading for Model 2 are
presented for medium and fine mesh in Figure (18) and Figure (19),
respectively.

- Force-Displacement diagram

_ Force [kN]

L L
0.005 001 0015 002 1025 03 0.035 008

Displacement [mm)]
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Fig. 18: The damage evolution in the single edge notched with
medium Mesh - Model 2.

Fig. 19: The damage evolution in the single edge notched with
fine Mesh - Model 2.

5. Conclusion

The implicit gradient-enhanced damage model for quasi-brittle
materials, based on non-local theory, has been shown through
numerical simulations to accurately represent fracture processes. The
explanation covers the implicit gradient enhancement, which
improves the strain tensor. It also discusses the linear relationship
between the history parameter and the damage variable. Additionally,
the integral formulation of the non-local model has been substituted
with a partial differential equation that must be solved alongside the
equilibrium equation. The independent variables are interpolated
separately and both discretization patterns need to satisfy C° -
continuity. A system of equations is solved using a staggered scheme
because fully coupled implicit models are more challenging to
implement. This approach is detailed in the algorithm for this model.
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