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In this paper we consider a matrix Hypergeometric differential equation, which are special matrix
functions and solution of a specific second order linear differential equation. The aim of this work is
to extend a well known theorem on Hypergeometric function in the complex plane to a matrix
version, and we show that the asymptotic expansions of Hypergeometric function in the complex
plane ” that are given in the literature are special members of our main result. Background and
motivation are discussed.
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Introduction

Generalization and extension of scalar special functions to matrix
special functions have been developed in the past two decades The
Gamma matrix function, whose eigenvalues are all in the right open
half-plane is presented and investigated by L. J'odar, J. Cortes [1]
for matrices in C™7. Hermite matrix polynomials are introduced and
discussed by L. J'odar et al [2] and some of their properties are
provided in E. Defez, L. J'odar [3]. Other classical orthogonal
polynomials as Laguerre and Chebyshev have been extended to
orthogonal matrix polynomials, and some results have been studied
in L. Jodar, J. Sastre [4] and E. Defez, L. J'odar [5]. Relations
between the Beta, Gamma and the Hypergeometric matrix function
are given in L. J'odar, J. G. Cort’es [6] and R. S. Batahan [7]. These
special functions of matrices have developed an important tool in

both theory and applications. The main our goal is that , some cases
of the asymptotic expansions of 2F1(a, b; c; z) have been provided
in the literature, they are all limited by a narrow domain of validity
in the complex plane of the variable. Overcoming this restriction, we
provide new asymptotic expansion for the matrix hypergeometric
function .The order of presentation in this article is as follows. In
section 2 we provide basic necessary notation, definitions and
auxiliary theorems that need to be cited in the sequel. In section 3 we
provide our main results.

Preliminaries
In this part we elaborate on some necessary language that is adopted
from L. J'odar, J. Sastre [4] and N. J. Higham [8]. Denote by

*Corresponding author:

E-mail addresses: salahh92@gmail.com, (F. S. Abdalla2) faisal@ceb.edu.ly, (A. Shletiet) Ahmed.shletiet@uoa.edu.ly
Article History : Received 27 March 2021- Received in revised form 25 May 2021 - Accepted 01 june 2021


file:///C:/Users/DELL/Downloads/www.sebhau.edu.ly/journal/index.php/jopas

On A Matrix Hypergeometric Differential Equation

Hamd et al.

M, A2 - - -, An the distinct eigenvalues of a matrix P € C ™" . The
spectrum o(P) of P € C™", denotes the set of all the eigenvalues of P.
We put y(P). and g(P) the real numbers

y(P) = max{Re(1): 1 € o(P)},

o(P) = min{Re(1): A € a(P)} 2.1
holomorphic function f(A) at a point was defined as a regular analytic
function in a neighborhood of the point, see e.g. W. Wasow [9]. It is
called holomorphic in a set if it is holomorphic at every point of the
set. A matrix is called holomorphic if every entry of it is a
holomorphic function. If (1) and g(4) are homomorphic function
of the complex variable A, which are defined in an open set Q of the
complex plane, and P is matrix in C™" with o(P) c Q, than from the
properties of the matrix functional calculus, see N. Dunford, J.
Schwartz [10], it follows that

f(P)g(P) = g(P)f(P) 22)

A set of complex numbers is called positive stable if all the elements
of the set have positive real part and a square matrix P is called
positive stable if o(P) is positive stable.

If P is a positive stable matrix in C™", than T'(P) is well defined, see
L. J'odar, J. G. Cort’es [1]

rp) = f e ttr 1t (2.3)

0
If f(P) is well defined and T is an invertible matrix in C™, then
f Lapr-H) = TFPT? (2.4)
It is a standard result that for any matrix P eC™"
there exist a nonsingular matrix T €C™" such that

TPT = J = diag(J1,J2 - . JN) (2.5)
Where

A 1 0. O
ISk)= 2w 0] e (2.6)

: A 1

0 .. .0

The symbols 0, o and ~, due to Bachmann and Landau (1927), which
are also used by e.g. F. W. J. Olver [11] and A. Erd’elyi [12].
Concerning the definition and elementary properties of asymptotic
series we refer to W. Wa-sow [9] and A. Erd"elyi [12].

Lemma2.1 (matrix function via Jordan canonical form). Let f be
defined on o(P), P €C ™" and let p have the Jordan canonical form
(2.5) subject to (2.6).Then
f(P) = TFO)T " = Tdiag(f(J),f(2)," .-
()T 1 (2.7)
Where
(my-1)
f O @y L
fooe @ A r o Jeememe (o)
; O ()
0 R LCD)
Proof: The proof of this lemma is already proved in [8]

A hypergeometric function is the sum of a hypergeometric series,
which is defined as follows see e.g. F. W. J. Olver [11] . The
hypergeometric function pFq (al, a2, - - - ap; bs, bz, - - - bg; 2) is
defined by means of a hypergeometric series as

pFq (a,az,; - ap; by b, - - by 7)

o)

_ z (apn(az)n ---(ap)n z"

(bn(b)n - - - (bg)n n!

n=0

Recall that the shifted factorial (a)n is defined b
(@p,=ala+1)(a+2)---(a+n—-1), n €
Nand (a), = 1.

Gauss’s hypergeometric equation is a second order differential
equation with three regular singular points {0, 1,00}, that is
z1 —2)f"+[c— (A + a + b)z]f' — abf = 0.

and has a solutions

2F1 (a,b; ¢; z) = ﬁ:o—(a)(:)(b)"i—]

Theorem 2.2 forRec > Re b > 0 we have
Fi(a,b; c; z) =

re 1. p-1 _ )y c—b-1
r(b)r(c - b) fo t a-9 a

forallz € Cand |z | < 1.
The hypergeometric function with matrix arguments F(A, B; C; z),
see L. J'odar and J. G. Sastre [6], is a solution of the differential
equation
z(1 — 2W @ — zAWD + wO(C + z(n — DI) + nAW

— zt)% dt, (2.9)

=0
which is defined by
F(A,B; C; z) =
1
( f (- tz) 481 (1 P8I dt) r-1gr-
’ (¢ — B)r(c (2.10)

Proposition 2.3 Let f(t) be a complex valued function of a real
variable t such that (i) f(t)is continuous on (0, ),

(i) f@©) ~ Z:antf"‘1 ast — Owith0 < é,< & < &,

n=0

without loss of generality assume ay # 0,
(iii) for some fixed c > 0 f(t)

= O{e‘'}ast — oo,
Then we have

a’ ®© -2 dn ' +v)
ar (fo e Mt f(t)dt) ~ ZzLOA,iT as Re 4, —

o (2.11)
where d,, = (-1)?a, and
| arg(A)] < % -6 <% for some & suchthat 0 < §

<71'
5

Proof: The proof of this proposition is already proved in [13] .

Lemma 2.4 Suppose Q is a positive stable matrix in C™" and suppose
also that f(t)I eC™", where f(t) is a function of a real variable t such
that

(@) f(¢) is continuous on (0, ).

(i) F(O) ~ Zantfn—l ast — 0 (2.12)
i n=0
With
0 < fo < El < 52 e

(iii) for some fixedc > 0,f(t) = 0{e} as

t— oo
(iv) @ = P has the Jordan canonical form subject to (2.5) and (2.6)
with
|arg(Ae) | < % -6< n; for some 6 such that 0 <
5 <=
Then we have
T1 [ e Qf() df] T~dgasRel— oo (2.13)
Where @, = diag(®1, @2, - - -, Ps) is a square block diagonal
matrix in C™" with blocks

(I)k E (kaxmk .
@, =
) d,ré, + -1
[ o dulGn) oo dulGn+1) “ 0 #]
n=0 l{n n=0 —A Tn+i }“k (my—1)!
o i '
o Al (n) N
0 - w0 ul(En+1) |
. n—O. Ain . n=0 }*i"ﬂ
: . - o dul(Ea)
0 0 n=0"
k
(2.14)

or we can write @, as
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@y = Dy + Ey = Dy [ Ik + DiEy]

where
Dk:
o dnl'(n)
[t o . o]
k .
| 0 0 d"ﬁi") - 0 | Cmioxmy
. L e Gl G
l : .. 0 n=0 Afn J
0
And
E,=
[ w  dul G+ 1) Anl @y 47y 71)
IO St  Zno ‘J'"‘(r -1
. . . X
| - T e dfGuen |EC
[= - n=0" enfl J
0 k

Proof: The proof of this lemma is already proved in [13] .

3 On a matrix Hypergeometric Differential Equation.
In this section we apply the machinery of the previous

sections to show that in a certain sense
F(al,bl,C,z)~ 1 as Re 1l —
and F(al,bl,0Q,z) ~ 1 as 6 — o,
with Q a fixed matrix.
Theorem 3.1 Suppose C - bl € C™ has a Jordan canonical form
subject to (2.5) and (2.6) then for any fixed matrices al, bl in C ™", b >
0 we have
T~ F(al,bl; C; 2)T I as Re A} —
(3.1)

uniformly for | z |[< 8 <1 with § a fixed number.
Proof Consider the following integral as a function of a matrix C

<p(C) = fol (1 _ Zt)—al t &-DI (1 _ t) C—(b+1)| dt.

(3.2)
Setting l-t=e™¥, dt=e Ydu when t=1= u- o,
alsowhent=0=>u=0,
so we have

©(C) = f0°° (1+ z(e™¥ — 1))~ (1- e~¥) G-Digu(C G+ g=ugt
= fooo 1+ z(e™ — 1)) (1- ™) &-DI gu(ChD gt |

Note that
1+ z(e*—-1))"¥=(1 +z(—+—'—_' oy
Therefore

1+ z(e™—1)" ~1 as u»0
Also

—uy=(b-Di=(1 — u “_2_“_3 vt -1
A+ e™) (1 +21! +32! 43! 4! )

u(b—l)(l — _|_ wowLr )(b—l)l

When u— 0 we have
(1 + e—u)(b—l)l ~ yb-1]
thus
(1+ z(e™ — 1)) ¥ (1- e7%) O DI ybl | dt
asu— 0.
Now lemma 2.4 implies that
T = zt)™ teD (1 - Ce DT
=[1(1 = zt) ™4k @Dk (1 — )l dt ~
Re Ak — 3.3)
Note that by letting a = 0 in equation (3.3), we obtain the following
representation for the Beta matrix. Namely
B(C —bl, bl) = [ ¢®=DI (1 — £)e=(+DI gt
=T 1(O)I(C - bhHr(bl) (3.4)

Oc-b1 - as

and obtain
B(Bi ,C-bDT=T [ f t®~D! (1 — t) O+l T

= [Jt®-DI (1 — e dt
~®cp1 a8 Redk— 0 k=12 .....

It is readily observed that
F(al, bl; C; 2)

=(f; (1 = tz) =@t (1 -t gty T L (b (C—bII(C)
(35)
inthe sense that T 1 F(al, bl; C; )T ~ 1 .

Example Let C =c € (0, ») in the equation (3.5), then for any fixed
aand
b >0 we have
P(C) = f, t?™* (1 -t (1—2t) 2dt.

Setting 1 —t=e¢ ¥, dt=e Ydu when
t=1=>u—ow,alsowhen t=0=>u=0
so we have
@)=/, (1 +z(e™ — 1)*(1-1— e ¥)>* e¥eD dy.
Note that
(1+z(e™ —1)"*(1-1 —e %P1 ~uyd?!

as u-0
Now Watson’s lemma implies that

1 - - - - _u(c-| r
o+ ze™ = 1))70(1-1 - et even du~ L0 as
C— oo
or
1b- b - r(b)
JytPt A -t 1 -z0) 2 dt. ~ -

as C—o (3.6)
By assuming a=0 in (3.6) we obtain

- —b— b

Bbc by = 11 (1 dt~ 1O an

By (3.6) and (3.7) we derive asymptotic expansion for 2F1(a,b;c; z)
when ¢
Approaches infinity,

oFi(abic;z) ~1 as ¢c— (3.8)

Corollary 3.2 Suppose C — bl = 6Q where § € (0, ©) and Q is
a constant matrix and has a Jordan canonical form subject to (2.5)
and (2.6) then

-1 [fol(l _ Zt)—a[ t(b—1)l(1 _
o (3.9
Where  Wyo = diag(¥1,¥2, - -,¥s) is a square block diagonal
matrix in C ™", with blocks ¥, € C™x*™Mk,

O OHDIQT ~ Yoo as 6 -

Yk=
co dp Al (&n +my—1)

nl () o Ang I (En +1) i on Tk
[Zn oa g;: Z"_OW Zn 0 (02,) 8™ Mu=1 (my—1)!

0 XS o“"rs(f") Yy A Gt

, ¢ ) n=0"(g2)fn 1

0 . 0 oo anlGy)

n=0 gén
Moreover,
T-1F(al,bl; 6C; z)T ~ 1 as 6 — o (3.10)

Uniformly for | z| < 6 < 1 with § afixed number.
Proof: By Watson’s lemma we have

1 _ — — anl'(§n)
Jo@ = zt) 72t®™D (1 - )G~ 1 dt ~ 3% R as
60— .

and by proposition 2.3 as 8 — oo we get
& (L1—z =t (©D (g -l 4 ) ~

© d )‘k FEnt+Vv)
Z (e)‘k)grﬁv
Thus by the lemma 2.1 we have
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Jy (1 =z tO Dl (1 — )Pl dt ~ W as B> oo,
and the results (3.9) and (3.10) follow.

Conclusion
We show that
F(al,bl,C,z) ~ lasRe 1 —
and
F(al,bl,0Q,z) ~ Ias 8 — o

with Q a fixed matrix.
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