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 A B S T R A C T 

The action of A on X is a map, F: A×X→X, called an f-action, which satisfies some conditions. In this 

article, we introduce a new type of continuity called p-continuity in the context of actions on Polish 

spaces. The notion of p-continuity is developed using the intrinsic properties of Polish spaces, namely, 

the compatible metrics and the Borel structures. We provide some results concerning the measurability, 

expansiveness, and extensions of p-continuous f-actions in the realm of Polish spaces. For example, It is 

proved, among other things, that p-continuous f-actions are Borel functions under some restrictions. The 

findings of this paper generalize and extend some results in the literature. The approach we present in 

this paper depends not only on the topological properties of the spaces but also uses results from 

descriptive set theory.  

  p-التأثير على الفضاءات الطوبولوجية البولندية والدوال ذات الاستمراية

  الساكتة خليل محمد

 ليبيا قسم الرياضيات، كلية العلوم، جامعة بني وليد،

 

 المفتاحية: الكلمات

 الفضاء الطوبولوجي البولندي

 الدوال متعددة القيمة

 دوال التمثيل

 دوال بوريل

  الاستمرارية

 الملخص 

، والتي تحقق بعض f-تسمى دالة الأثر F:A×X→X هو دالة Xعلى فضاء آخر  Aأثر الفضاء الطوبولوجي 

. نقدم p-الشروط المعينة. في هذه الورقة البحثية، نقدم نوعًا جديدًا من الاستمرارية يسمى مفهوم الاستمرارية

، في الفضاء p-ذات الاستمرارية f-قة بإمكانية القياس، والتوسع، والتمديد لدالة الأثربعض النتائج المتعل

تحت  p-ذات الاستمرارية f-الطوبولوجي البولندي. على سبيل المثال، تم إثبات، من بين أشياء أخرى، أن دالة الأثر

 ج في الدراسات السابقة. النهجنتائج هذه الورقة هي تعميم وتوسيع لبعض النتائ. Borelبعض القيود هي دالة 

الذي نقدمه في هذه الورقة لا يعتمد فقط على الخصائص الطوبولوجية للفضاءات، ولكنه يستخدم أيضًا نتائج 

 من نظرية المجموعات الوصفية.
 

Introduction

A (left) action of a space 𝐴  on a space 𝑋  is a map 𝐹: 𝐴 × 𝑋 → 𝑋 

associated with a map 𝑓: 𝐴 → 𝑋 that satisfies   

1. 𝐹(𝑎, 𝑥0) = 𝑓(𝑎), for all 𝑎 ∈ 𝐴, 

2. 𝐹(𝑎0, 𝑥) = 𝑥, for all 𝑥 ∈ 𝑋.  

where 𝑎0 and 𝑥0 are fixed points in 𝐴 and 𝑋, respectively. In this case, 

the map 𝐹  is called an 𝑓 -action [1]. This paper focuses on the 𝑓 -

actions associated with the actions on Polish spaces. A Polish space is 

a separable completely metrizable topological space. These spaces are 

the natural setting for descriptive set theory and its applications (see 

Preliminaries section). 

The notion of actions of space on another is frequently of interest for 

its relation with homotopy classes of cyclic maps. Special cases of this 

notion include group actions and Gottlieb groups of a space; see for 

instance, [1], [2] and [3]. Recently, these notions have been used to 

introduce and study new generalized spaces such as in [4], [5], and [6]. 

Continuity of functions defined in a product domain, such as f-actions, 

is an important concept that has been widely studied because of its 

importance in most of applications in topology and other branches 

inofathematics ([7] and [8]). 

Several different types of continuity notions have been introduced for 

various types of functions. For functions defined in a product domain, 

there are the well-known notions of joint continuity and separate 

continuity; see e.g. [7] and [8].  

Various studies examine the concept of f-actions ([1]; [5] and [6]). 

However, it seems that most of the literature concerning the f-actions 

takes the homotopy point of view. Considering f-actions between 

Polish space, it is natural to question whether elements from 
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descriptive set theory such as measurability and set-valued functions 

can be introduced to this theory. The aim of this study is to examine 

notions of measurability, expansiveness, and extensions associated 

with the homotopy actions on Polish spaces. In this paper, we define 

and study a new type of continuity for 𝑓-actions. Using the associated 

map 𝑓, we investigate, among other problems, the Borel measurability 

of the p-continuous 𝑓-actions. The concept of p-continuity defined in 

this paper is different from that of joint and separate continuity [7]. 

Since 𝑓 -actions are functions defined in a product domain, the 

methods described in this paper have potential applications in other 

areas that have similar constructions. 

In Section 3, the notion of p-continuity of 𝑓-actions is introduced, and 

its Borel measurability is studied. The results obtained in this study 

generalize and extend some well-known results. In particular, a 

version of Michael’s well-known selection theorem [9] is proved for 

p -continuous 𝑓-actions. In addition, the expansiveness of 𝑓-actions is 

defined, and a result concerning expansive p -continuous 𝑓-actions is 

presented (Section 4). This extends the notion of expansive group 

actions, which was given in [10] in the setting of uniform spaces. 

 

Preliminaries 

A topological space, 𝑋  is completely metrizable if it admits a 

compatible metric, 𝑑 , such that (𝑋, 𝑑)  is complete. A separable 

completely metrizable space is called a Polish space. Polish spaces 

form a large class of topological spaces, having various desirable 

properties and applications in several areas of mathematics, see e.g. 

[11]. In this paper, every Polish space (𝑋, 𝑑) is equipped with the 

Borel 𝜎 -algebra 𝔅𝑋  and a measure 𝜇: 𝑋 → [0, ∞) . Recall that if 

(𝑋, 𝔅𝑋) and (𝑌, 𝔅𝑌) are Borel spaces, a function 𝑓: 𝑋 → 𝑌 is a Borel 

function if 𝑓−1(𝐴) ∈ 𝔅𝑋 for each Borel subset 𝐴 ∈ 𝔅𝑌 . Continuous 

functions are Borel functions, but there are Borel functions that are not 

continuous [12]. 

 

Proposition 1 [12] Let (𝑋, 𝔅) be a Borel space and (𝑌, 𝑑) be a non-

empty Polish space. Then:   

1. If 𝑍 ⊆ 𝑋 and 𝑓: 𝑍 → 𝑌 is a Borel function, then there is a 

Borel function 𝑓: 𝑋 → 𝑌 extends 𝑓.  

he graph of 𝑓: 𝑋 → 𝑌 , 𝑔𝑟𝑎𝑝ℎ(𝑓) ⊆ 𝑋 × 𝑌 , is Borel 

measurable with respect to 𝔅𝑋 × 𝔅𝑌.  

et 𝑓𝑛: 𝑋 → 𝑌  be a sequence of Borel functions. If 

𝑙𝑖𝑚𝑛→∞𝑓𝑛(𝑥) = 𝑓(𝑥)  for each 𝑥 , then 𝑓  is a Borel 

function.  

  

Definition 1 [13] set-valued function 𝔉: 𝑋 → 2𝑌  is function that 

assigns to each 𝑥 ∈ 𝑋 a subset 𝔉(𝑥) of 𝑌, where 2𝑌 is the family of all 

the non-empty closed subsets of 𝑌. A selection of a set-valued function 

𝔉 is a single-valued function, 𝜙: 𝑋 → 𝑌  that satisfies 𝜙(𝑥) ∈ 𝔉(𝑥) , 

for each 𝑥 ∈ 𝑋.  

 

Let (𝑋, 𝔅) be a Borel space, and 𝑌 a topological space. Then, 𝔉: 𝑋 →
2𝑌 is Borel measurable if 𝔉−1(𝐾) ∈ 𝔅 for each open subset 𝐾 of 𝑌. 

 

P position 2 [13] Let (𝑌, 𝔅) be a Borel space and (𝑋, 𝑑) a Polish 

space. Let 𝔉: 𝑌 → 2𝑋 be a set-valued function. Then:   

1. If 𝔉 is Borel measurable and 𝔉(𝑦) is closed, then there 

exists a Borel selection of 𝔉.  

2. 𝔉  is Borel measurable iff 𝛤 = {(𝑦, 𝑥): 𝑥 ∈ 𝔉(𝑦)}  is a 

Borel subset of 𝑌 × 𝑋.  

The p-continuity of 𝒇-actions 

Definition 2 Let (𝑋, 𝑑) be a Polish space, and let (𝐴, 𝔅) be a Boel 

space. An 𝑓-action 𝐹: 𝐴 × 𝑋 → 𝑋 is called a p-continuous function at 

a point (𝑎, 𝑐) in 𝐴 × 𝑋 if for any positive real number 𝜀, there exists a 

positive real number 𝛿 such that for every 𝑥 ∈ 𝑋 and for every 𝑎 ∈ 𝐴, 

(𝑥, 𝑐) < 𝛿 ⇒ 𝑑(𝐹(𝑎, 𝑥), 𝐹(𝑎, 𝑐)) < 𝜀 

The function 𝐹 is said to be p -continuous if it is p -continuous at each 

point in 𝐴 × 𝑋. 

 

Every continuous 𝑓-action is p-continuous, but the converse need not 

be true. Take, for example, the 𝑓-action 𝐹: [
1

2
, 1] × ℝ → ℝ defined by  

𝐹(𝑎, 𝑥) = {
0, if  𝑥 ≤ 0;
𝑎𝑥, if  𝑥 > 0.

 

Here, 𝐹 is p-continuous, but discontinuous at 0. 

 

Lemma 1  Let (𝑋, 𝑑) be a Polish space and let (𝐴, 𝔅) be a Borel 

space that acts on 𝑋. Let 𝐹: 𝐴 × 𝑋 → 𝑋  be the 𝑓-action of a Borel 

function 𝑓: 𝐴 → 𝑋. Then, the set-valued function 𝛾: 𝐴 → 2𝑋, defined 

by  

𝛾(𝑎) = {𝑥 ∈ 𝑋: 𝑑(𝑥, 𝑓(𝑎)) ≤ 𝜀} 

𝜀 > 0 is Borel measurable for each 𝑎 ∈ 𝐴.  

 

Proof. Consider the function composition 𝑑 ∘ (𝑓 × 𝑖𝑑𝑋): 𝐴 × 𝑋 → ℝ. 

Then 𝑑(𝑥, 𝑓(𝑎)) is a Borel function because 𝑑, 𝑖𝑑𝑋  and 𝑓 are Borel 

functions. Thus, 
Γ = {(𝑎, 𝑥): 𝑥 ∈ 𝛾(𝑎)}

= {(𝑎, 𝑥): 𝑑(𝑥, 𝑓(𝑎)) ≤ 𝜀}
 (1) 

is Borel measurable. Hence, according to Proposition 2(2), 𝛾 is Borel 

measurable. 

 

Lemma 2 Let (𝑋, 𝑑) be a Polish space and let (𝐴, 𝔅) be a Borel space 

acting on 𝑋 . Let 𝐹: 𝐴 × 𝑋 → 𝑋  be the 𝑓-action of a Borel function 

𝑓: 𝐴 → 𝑋 , and let 𝜇  be the measure on 𝑋 . Then, the set-valued 

functions 𝛼: 𝐴 → 2𝑋 and 𝛽: 𝐴 → 2𝑋 defined by  

𝛼(𝑎) = {𝑥 ∈ 𝑋: 𝑑(𝑥, 𝑓(𝑎)) ≤ 𝜇(𝑥) − 𝜇(𝑓(𝑎))} 
and  

𝛽(𝑎) = {𝑥 ∈ 𝑋: 𝑑(𝑓(𝑎), 𝑥) ≤ 𝜇(𝑓(𝑎)) − 𝜇(𝑥)} 

are Borel measurable for each 𝑎 ∈ 𝐴.  

 

Proof. Let 𝑥 ∈ 𝑋, and let 𝐾𝑥  be the set of points that satisfies {𝑦 ∈
𝑋: 𝑑(𝑥, 𝑦) ≤ 𝜑(𝑥) − 𝜑(𝑦)}. Then, 𝐾 is a closed subset of 𝑋. 

Suppose 𝑈 is an open subset of 𝑋, and let 𝑉 = 𝑋\𝑈 be its complement 

in 𝑋. Let  

𝛼−1(𝑉) = {𝑎 ∈ 𝐴: 𝛼(𝑎) ⊂ 𝑉} 
Then, 

 

𝛼−1(𝑉) = {𝑎 ∈ 𝐴: 𝑑(𝑥, 𝑓(𝑎)) ≤ 𝜑(𝑥) − 𝜑(𝑓(𝑎)),    𝑥 ∈ 𝑉}

= ⋂𝑥∈𝑉 {𝑎 ∈ 𝐴: 𝑑(𝑥, 𝑓(𝑎)) ≤ 𝜑(𝑥) − 𝜑(𝑓(𝑎))}

= ⋂𝑥∈𝑉 𝑓−1(𝐾𝑥)

= 𝑓−1(⋂𝑥∈𝑉 𝐾𝑥).

 (2) 

 Since (⋂𝑥∈𝑉 𝐾𝑥) is closed, the Borel measurability of 𝑓 implies that 

𝛼−1(𝑉)  is Borel measurable. Now, 𝛼−1(𝑈) = 𝐴\𝛼−1(𝑉) . Thus, 

𝛼−1(𝑈)  is Borel. Therefore, the correspondence 𝛼  is Borel 

measurable. A similar argument shows that 𝛽  is also Borel 

measurable.  

 

Theorem 1  Let (𝑋, 𝑑) be a Polish space, and let (𝐴, 𝔅) be a Borel 

space acting on 𝑋. Let 𝐹: 𝐴 × 𝑋 → 𝑋 be the 𝑓-action of 𝑓: 𝐴 → 𝑋. If 𝑓 

is a Borel function and 𝐹 is p-continuous, then the restriction 𝐹|𝐴×𝑓(𝐴) 

is a Borel function.  

 

Proof. Consider the subsets 𝛼(𝑎) , 𝛽(𝑎) , and 𝛾(𝑎)  as defined in 

Lemma 1 and Lemma 2. Let {𝑥𝑛} ⊂ 𝛼(𝑎), such that lim𝑛→∞𝑥𝑛 = 𝑐. 

Then, 

𝑑(𝑥𝑛, 𝑓(𝑎)) ≤ 𝜑(𝑥𝑛) − 𝜑(𝑓(𝑎)) (3) 

implies that 𝑑(𝑐, 𝑓(𝑎)) ≤ 𝜑(𝑐) − 𝜑(𝑓(𝑎)) , and hence, 𝑐 ∈ 𝛼(𝑎) . 

Thus, 𝛼(𝑎) is a closed subset of 𝑋. Similarly, 𝛽(𝑎) is a closed subset 

𝑋 for each 𝑎 ∈ 𝐴. The set 𝛽(𝑎) is closed since 𝑑 is continuous. Let 

𝔉: 𝐴 → 2𝑋 be defined by  

𝔉(𝑎) = {𝑥 ∈ 𝑋: 𝑑(𝑥, 𝑓(𝑎)) ≤ 𝜑(𝑥) − 𝜑(𝑓(𝑎)) ≤ 1} 

that is, 𝔉(𝑎) = 𝛼(𝑎) ∩ 𝛾(𝑎)  with  𝜀 = 1 . Therefore, 𝔉  is Borel 

measurable, and 𝔉(𝑎) is a non-empty and closed subset of 𝑋. Based 

on Proposition 2(1), there exists a Borel selection, 𝑔: 𝐴 → 𝑋, such that 

𝑔(𝑎) ∈ 𝔉(𝑎). Let the subset of 𝑋,  

𝔉𝑛(𝑎) = {𝑥 ∈ 𝑋: 𝑑(𝑓𝑛−1(𝑎), 𝑥) ≤ 𝑑(𝑥, 𝑓(𝑎)) ≤
1

𝑛
 } (4) 

with  𝑛 = 2,3, …, be defined such that the set, 𝔉1(𝑎) = 𝔉(𝑎) , and 

𝑓1(𝑎) = 𝑔 . Then, 𝔉𝑛(𝑎) is closed for all 𝑎 ∈ 𝐴. If 𝑓𝑛−1  is a Borel 

function, then 𝐹𝑛 is Borel. Thus, based on Proposition 2(1), there is a 

Borel selection, 𝑓𝑛: 𝐴 → 𝑋, such that 𝑓𝑛(𝑎) ∈ 𝔉(𝑎). Then, there is a 

Borel sequence, {𝑓𝑛(𝑎)}, such that  

𝑑(𝑓𝑛−1(𝑎), 𝑓𝑛(𝑎)) ≤ 𝜑(𝑓𝑛−1(𝑎)) − 𝜑(𝑓𝑛(𝑎)),    ∀𝑛 (5) 



Actions on Polish Spaces and p-Continuous Functions                                                                                                                             Mohammed 

JOPAS Vol.21 No. 1 2022                                                                                                                                                                         133 

 with lim𝑛→∞𝑓𝑛(𝑎) = 𝑓(𝑎) for each 𝑎 ∈ 𝐴. Let 𝐺  be defined as the 

closure:  

𝐺 = 𝐶𝑙 (⋃

∞

𝑛=1

{𝑓𝑛(𝑎): 𝑎 ∈ 𝐴} ∪ {𝑓(𝑎): 𝑎 ∈ 𝐴}) 

which is a Polish subspace of 𝑋. Then, 𝐹|𝐴×𝐺 is p-continuous, since 𝐹 

is p-continuous. Thus, by Equation (5),  

lim
𝑛→∞

𝐹(𝑎, 𝑓𝑛(𝑎)) = 𝐹(𝑎, 𝑓(𝑎)), ∀𝑎 ∈ 𝐴 (6) 

is Borel. Combining Equation (6) with Proposition 1(3), 𝐹|𝐴×𝑓(𝐴) is 

obtained, which is a Borel function.  

 

Theorem 2 Let 𝑌 be a closed subset of a Polish space (𝑋, 𝑑), and 

let(𝐴, 𝔅) be a Borel space acting on 𝑋. Let the 𝑓-action 𝐹: 𝐴 × 𝑋 →
𝑋 be p-continuous. Suppose the following is satisfied for each 𝑎 ∈ 𝐴 

and 𝑦, 𝑦′ ∈ 𝑌,   

1. 𝑑(𝑦, 𝑦′) ≤ 𝜑(𝑦) − 𝜑(𝑦′) ⇒ 𝑑(𝑚, 𝑙) ≤ 𝜑(𝑚) − 𝜑(𝑙)  

2. 𝑑(𝑦, 𝑚) ≤ 𝜑(𝑦) − 𝜑(𝑚)  

where 𝑚 = 𝐹(𝑎, 𝑦) and 𝑙 = 𝐹(𝑎, 𝑦′). Then, there exists a point 𝑧 ∈ 𝑌, 

such that  

𝑑(𝑧, 𝜉(𝑎)) ≤ 𝜑(𝑧) − 𝜑(𝜉(𝑎)),    ∀𝑎 ∈ 𝐴 

where 𝜉: 𝐴 → 𝑌 such that 𝐹(𝑎, 𝜉(𝑎)) = 𝜉(𝑎) for each 𝑎 ∈ 𝐴.  

 

Proof. Let 𝐴′ ⊂ 𝐴, and let 𝑦𝑛(𝑎) = 𝐹𝑛(𝑎, 𝑦). From conditions (1) and 

(2), we have  

𝑑(𝑦𝑛−1(𝑎), 𝑦𝑛(𝑎)) ≤ 𝜑(𝑦𝑛−1(𝑎)) − 𝜑(𝑦𝑛(𝑎)) (7) 

for  𝑛 = 1,2, …with 𝑦0 = 𝑦. Then, Equation (7) implies  

𝜑(𝑦) ≥ 𝜑(𝑦1(𝑎)) ≥ ⋯ ≥ 𝜑(𝑦𝑛(𝑎)) (8) 

which shows that {𝜑(𝑦𝑛(𝑎))} is a convergent sequence. Hence, for 

each 𝜀 > 0, there exists 𝑁 ∈ ℕ, such that  

𝑑(𝑦𝑛(𝑎), 𝑦𝑘(𝑎)) ≤ 𝜑(𝑦𝑛(𝑎)) − 𝜑(𝑦𝑘(𝑎)) < 𝜀    (9) 

for every 𝑘 > 𝑛 > 𝑁. Therefore, {𝜑(𝑦𝑛(𝑎))} is a Cauchy sequence in 

𝑋. Since 𝑋 is complete, {𝜑(𝑦𝑛(𝑎))} is convergent. 

Let  

𝑧 = {
lim

𝑛→∞
𝑦𝑛(𝑎), 𝑎 ∈ 𝐴′;

𝑦, 𝑎 ∈ 𝐴\𝐴′
 (10) 

Since 𝐹 is p-continuous,  
𝐹(𝑎, 𝑧) = lim

𝑛→∞
𝐹(𝑎, 𝑦𝑛(𝑎))

= lim
𝑛→∞

𝑦𝑛+1(𝑎)

= 𝑧

 (11) 

for each 𝑎 ∈ 𝐴′. 
Based on Theorem 1, 𝑦𝑛(𝑎) is a Borel function. Since 𝜑 is continuous, 

we have for 𝑎 ∈ 𝐴,  
𝑑(𝑦, 𝑧) = lim

𝑛→∞
𝑑(𝑦, 𝑦𝑛(𝑎))

≤ lim
𝑛→∞

(𝜑(𝑦) − 𝜑(𝑦𝑛(𝑎)))

= 𝜑(𝑦) − 𝜑(𝑧)

 (12) 

Then, 𝑑(𝑦, 𝑧) ≤ 𝜑(𝑦) − 𝜑(𝑧). The definition of 𝜉 yields,  

𝑑(𝑦𝑛(𝑎), 𝜉(𝑎)) ≤ 𝜑(𝑦𝑛(𝑎)) − 𝜑(𝜉(𝑎)) 

for each 𝑛. Therefore, for 𝑎 ∈ 𝐴, we obtain  
𝑑(𝑧, 𝜉(𝑎)) = lim

𝑛→∞
𝑑(𝑦𝑛(𝑎), 𝜉(𝑎))

≤ lim
𝑛→∞

(𝜑(𝑦𝑛(𝑎)) − 𝜑(𝜉(𝑎)))

= 𝜑(𝑧) − 𝜑(𝜉(𝑎))

 (13) 

Thus, the result follows.  

 

Some properties of p-continuous functions 

Recall that a space 𝑌 is said to be an absolute extensor of a space 𝑋 

(𝑌 ∈ 𝐴𝐸(𝑋)), if whenever 𝐴 is a closed subset of 𝑋, and 𝑓: 𝐴 → 𝑌 is 

continuous, there exists a continuous extension 𝑓: 𝑋 → 𝑌 of 𝑓 over 𝑋 

[14]. 

 

Theorem 3  Let (𝑋, 𝑑) and (𝐴, 𝑑′) be Polish spaces, and let 𝐹: 𝐴 ×
𝑋 → 𝑋 be a p-continuous 𝑓-action of a Borel function 𝑓: 𝐴 → 𝑋. Let 

𝑔: (𝑍, 𝔅𝑍) → (𝑌, 𝔅𝑌) be a function between Borel spaces such that 𝑌 

and 𝑍 are metrizable. Assume that 𝐴 × 𝑓(𝐴) is a closed subset of 𝑍. 

Let ℎ: 𝑋 → 𝑌 be a continuous surjection such that the following are 

satisfied:   

1. For each 𝑦 ∈ 𝑌, the fiber ℎ−1(𝑦) is Polish with respect to 

the metric 𝑑 on 𝑋.  

2. For each 𝑦 ∈ 𝑌, the fiber ℎ−1(𝑦) ∈ 𝐴𝐸(𝑋).  

Then, there exists a continuous extension, �̂�: 𝑍 → 𝑋  that extends 

𝐻: 𝐴 × 𝑓(𝐴) → 𝑋. 

 

Proof. According to Theorem 1, the restriction 𝐻 = 𝐹|𝐴×𝑓(𝐴)  is a 

Borel function. Let 𝜏 be the Polish topology on 𝐴 × 𝑓(𝐴). Then, by 

[12, Theorem 13.11], there exists a Polish topology 𝜏𝐻 ⊇ 𝜏  with 

𝔅(𝜏𝐻) = 𝔅(𝜏)  such that 𝐻: (𝐴 × 𝑓(𝐴), 𝜏𝐻) → 𝑋  is continuous. Let 

𝐵(𝑥; 𝑛) be a closed ball in 𝑌 with a radius 𝑛. Define the set  

𝑉𝑛 = (𝐴 × 𝑓(𝐴)) ∪ {𝑧 ∈ 𝑍: 𝑔(𝑧) ∈ 𝐵(𝑥; 𝑛)} 

for each 𝑛 ≥ 0. Suppose the map 𝑞𝑛 is given as follows:  

𝑞𝑛: 𝑉𝑛 → 𝑋 (14) 

 which extends 𝑞𝑛−1, such that   

1. 𝑞𝑛(𝑔−1(𝐵(𝑥; 𝑟))) ⊂ ℎ−1(𝐵(𝑥; 𝑟))  

2. 𝑞𝑛|𝑔−1(𝐵(𝑥;𝑟))  

are continuous for each ball 𝐵(𝑥; 𝑟) in 𝑌 with 𝑟 ≤ 𝑛. For 𝑛 = 0, let 

𝑞0(𝑎, 𝑥) = 𝐻(𝑎, 𝑥) (15) 

for (𝑎, 𝑥) ∈ 𝐴 × 𝑓(𝐴). Given 𝑞𝑛 as in (14), let 𝐵(𝑥; 𝑛 + 1) ⊂ 𝑌. Then  

𝑞𝑛+1|𝑔−1(𝐵(𝑥;𝑛+1)) 

is an extension of  

𝑞𝑛|𝑔−1(𝐵(𝑥;𝑛)): 𝑔−1(𝐵(𝑥; 𝑛)) → ℎ−1(𝐵(𝑥; 𝑛 + 1)) 

where ℎ−1(𝐵(𝑥; 𝑛 + 1)) ∈ 𝐴𝐸(𝑍). This defines  

𝑞𝑛+1: 𝑉𝑛+1 → 𝑋 

Therefore, the family {𝑞𝑛}𝑛≥0 induces �̂� such that  

𝑔 = ℎ ∘ �̂� 

This proves the theorem.  

 

With the same hypotheses of Theorem 3, we obtain the following two 

results as immediate consequences: 

 

Corollary 1 If 𝐴 × 𝑓(𝐴) is a closed subset of 𝐴 × 𝑋, then there exists 

a continuous map 𝐴 × 𝑋 → 𝑋 , which extends the Borel function 

𝐹|𝐴×𝑓(𝐴): 𝐴 × 𝑓(𝐴) → 𝑋.  

 

Corollary 2 If 𝑌 ∈ 𝐴𝐸(𝑍), then 𝑋 ∈ 𝐴𝐸(𝑍).  
 

Proof. Suppose 𝑌 ∈ 𝐴𝐸(𝑍), then by the definition of extensors, there 

is an extension 𝑔: 𝑍 → 𝑌 of ℎ ∘ 𝐻: 𝐴 × 𝑓(𝐴) → 𝑌. Using Theorem 3, 

there exists an extension of 𝐻: 𝐴 × 𝑓(𝐴) → 𝑋 which implies that 𝑋 ∈
𝐴𝐸(𝑍).  

 

Definition 3 The action of a space 𝐴 on a space 𝑋 is called expansive 

if for 𝜀 > 0, for all 𝑥, 𝑦 in 𝑋 such that 𝑥 ≠ 𝑦, there exists 𝑎 ∈ 𝐴 such 

that   

𝑑(𝐹(𝑎, 𝑥), 𝐹(𝑎, 𝑦)) ≥ 𝜀 

where, 𝐹: 𝐴 × 𝑋 → 𝑋 is an 𝑓-action.  

 

Theorem 4 Let a Borel space (𝐴, 𝔅𝐴) act expansively on a Polish 

space (𝑋, 𝑑)  such that 𝐹: 𝐴 × 𝑋 → 𝑋  is a p-continuous 𝑓 -action. 

Assume that 𝐾 is a closed subset of 𝑋 such that the image of 𝐹|𝐴×𝐾 is 

a dense subset of 𝑋. Then, for all 𝑥, 𝑦 ∈ 𝐾, there exists 𝑎 ∈ 𝐴 such 

that 

𝑑(𝐹(𝑎, 𝑥), 𝐹(𝑎, 𝑦)) = 𝑑(𝑥, 𝑦) 

 

Proof. From the expansiveness of 𝐹 we have for all 𝑥, 𝑦 ∈ 𝐾,     
𝑑(𝐹(𝑎, 𝑥), 𝐹(𝑎, 𝑦)) ≥ 𝑑(𝑥, 𝑦) (16) 

Let 𝜀 > 0 be given. Let {𝑥𝑛} be a convergent sequence in 𝐾 such that 

for each 𝑖 ≠ 𝑗, 𝑑(𝑥𝑖 , 𝑥𝑗) > 𝜀, where 𝑥𝑖 , 𝑥𝑗 ∈ {𝑥𝑛}. Let {𝐹(𝑎, 𝑥𝑛)} be 

the corresponding sequence in 𝑋. Thus, there exists 𝛿 > 𝜀 such that  

𝑑(𝑥𝑖 , 𝑥𝑗) ≤ 𝑑(𝐹(𝑎, 𝑥𝑖), 𝐹(𝑎, 𝑥𝑗)) < 𝛿𝑑(𝑥𝑖 , 𝑥𝑗) (17) 

 

Let (𝑎, 𝑦), (𝑎, 𝑧) ∈ 𝐴 × 𝐾. Then, there exist 𝑖, 𝑗 such that  

𝑑(𝐹(𝑎, 𝑦), 𝐹(𝑎, 𝑥𝑖)) ≤
𝜀

2
 

𝑑(𝐹(𝑎, 𝑧), 𝐹(𝑎, 𝑥𝑗)) ≤
𝜀

2
 

and  

𝑑(𝑦, 𝑥𝑖) ≤
𝜀

2
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𝑑(𝑧, 𝑥𝑗) ≤
𝜀

2
. 

Therefore,  

𝑑(𝐹(𝑎, 𝑦), 𝐹(𝑎, 𝑧)) ≤ 𝑑(𝐹(𝑎, 𝑥𝑖), 𝐹(𝑎, 𝑥𝑗)) + 𝜀 (18) 

and  

𝑑(𝑥𝑖 , 𝑥𝑗) ≤ 𝑑(𝑦, 𝑧) + 𝜀 (19) 

 

Combining Equation (17), Equation (18), and Equation (19), we obtain  
𝑑(𝐹(𝑎, 𝑦), 𝐹(𝑎, 𝑧)) ≤ 𝑑(𝐹(𝑎, 𝑥𝑖), 𝐹(𝑎, 𝑥𝑗)) + 𝜀

< 𝛿𝑑(𝑥𝑖 , 𝑥𝑗) + 𝜀

≤ 𝛿(𝑑(𝑦, 𝑧) + 𝜀) + 𝜀

 (20) 

Since 𝜀 > 0 and 𝛿 > 𝜀 were chosen arbitrarily,  

𝑑(𝐹(𝑎, 𝑦), 𝐹(𝑎, 𝑧)) ≤ 𝑑(𝑦, 𝑧) (21) 

The result follows from Equation (16) and Equation (21).  

 

Conclusion 

The concept of an action of a space on another are related to several 

notions in topology and homotopy theory such as fibrations and H-

spaces [2],[3] and [6]. The present article deals with the initiation and 

study of a p-continuity notion in the context of actions on Polish 

spaces. Firstly, we introduced in Definition 2 the notion of p-

continuity of f-actions. In Theorem 1 the author developed a relation 

between Borel measurability and p-continuity using set-valued 

funtions. Using this idea, the properties of maps extensions (Theoem 

3) and action expansiveness (Theorem 4) are examined for p-

continuous f-actions.  

The current paper has produced a new concept of continuity that 

combines effectively properties of Polish spaces from descriptive set 

theory and properties of actions from homotopy theory. Moreover, a 

kind of generalization has been done to the already known structures. 
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