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We introduce results for the second part of our calculations for the action of a single atom and one
photon micromaser when atoms are coherently injected into a microwave cavity, and for the case
when the atomic probabilities |a |70 and | B |#0. During the presence of the atom inside the cavity
the field couples to a heat bath at temperature T. The results of this second part and those of the first
part of our work give a complete information for the behaviour of the micromaser field for the two
cases of injected atoms namely| a |=1,| B |=0and | a |#0, | B |0 . We have found that the evolution
of the field after a sufficient number of atoms had passed the cavity shows a steady state when the
repetition time T_pis much greater than the interaction time t_int. We also found that the trapping
state at n = 3 plays an important role in the early dynamics of the field within the cavity. Finally, we
found that the field evolution towards a mixed state and not to a pure state. This prevention of purity
because of: the presence of decay of the field inside the cavity, the presence of the trapping state at
n = 3 (centered between the two trapping states at photon number n = 0 and at a photon number n =
15) prevents the field from developing towards a pure state, and finally the presence of the black
body radiation field initially in the cavity at temperature T.

Acronyms

Maser: an acronym for microwave amplification by stimulated emission of radiation,

JCM: an acronym for Jaynes Cummings Model.
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Introduction

The quantum theory of the micromaser was first developed by
P.Filipowicz et. al.1986 [1]. This theory is a direct application of the
quantum theory of the laser to a problem of two level Rydberg atoms
interacting with a single mode radiation field in a microwave cavity
[2-8]. In most studies of the one photon micromaser theory the
injection of atoms assumes to have Poisson statistics and all atoms
always entered the cavity in their excited (upper) states.

This device, the micromaser, exhibits highly non-classical
features such as a sub-Poisson statistics for the field, quantum
revivals and trapping states. The experimental realization of a
micromaser has been made possible because of the enormous
progress in both the construction of superconducting cavities and the
progress in laser technology which have been offered a high
excitation of Rydberg atoms (two-level atoms) that can be injected
into a superconducting cavity of high enough quality factor Q to
made the observation of these features of the micromaser are
experimentally possible and realized [9-12].

In this second part of our work (following our first part
A.M.Kremid,2019 [13]) we assume that the atoms are pumped into
the cavity in a coherent superposition of their upper and lower atomic
states , the cavity is at finite temperature T, and the coupling with a
heat bath is on even when the cavity is empty of atoms. Our concern
will be about the effects of the black body radiation in the cavity (as
an initial thermal field n.,) and the effects of the damping rate on the
evolution of the micromaser cavity field coupled to a heat bath at
temperature T. for the measurement of the purity of the state reached
by the cavity field we employ the entropy S = T;- plnp

The objectives of our present study are getting results when the
injected atoms are pumped in their upper and lower states with
probabilities |a[#0 and |B#0 (with a condition |a|? + |B|? =
1) instead of the case of our first part where |a/=1 and |B|=0.

This work is organized as following: first we will give the main
equations of our model which are given in detail and calculated at our
first part of this work A.M.Kremid, 2019[13], (we will repeat some
of these equations and there solutions here for the benefit of readers),
following that the solutions to those equations of motion will be
introduced, and the numerical results and their discussions are given,
then the conclusion to this work is given and at the last the references
are introduced.

The Model

The original micromaser consists of two level Rydberg atomic
beam pumped into a high-Q microwave cavity containing a single
mode radiation field such that only one atom at any given time is
present inside the cavity and the atom flies through the cavity in a
very short time compared to the time between any two successive
atoms in the atomic beam. It has been assumed in the original theory,
that no coupling between the single mode and the heat bath during
the interaction time t;,,; S0 when the atom is inside the cavity the
problem is well described by the Jaynes- Cummings Hamiltonian
only and when the atom exits the cavity the coupling between the
heat bath and the single mode is switched on.
In this work we introduce a different approach to this problem where
at any point in time of the motion we solve for the total density
operator p for the atom plus the field, namely, the coupling between
the cavity field and the heat bath is switched on throughout the whole
motion and not only when the cavity is empty of atoms. The damping
process is governed by the master equation of the damped harmonic
oscillator given by equation, G.S.Agarwal, 1974 [14]

p®) = —k(ny, + D[a’ap + pata + apa't] -
kne[aatp + paat + apat], 1)
where p is a density matrix operator, k = %wQ‘l is the cavity
damping constant with Q is the cavity quality factor. The cavity

damping time is T, = (2k)~!, at and a are the creation and
annihilation operators for the cavity field respectively and n,y, is the

average thermal photon number in the cavity
We illustrate the case when atoms enter the cavity in a coherent
superposition state, and we use the Jaynes Cummings model (JCM)
[15] as a fundamental model where the total Hamiltonian of the
system (atom + field) is given by E.T.Jaynes et. al. 1963 [15]
H = hwa'a + hwyo, + hg(ato_ + ac,) )

For the case of the single cavity mode is coupled to the heat bath at
temperature T>0, and the atom is coupled to this bath only via this
cavity mode, the total density operator p for atom plus field satisfies
the master equation for the high Q-cavity which is given by
p(t) = —i[H = p] = k(ny, + Datap(t) — 2 ap(t)a’ +

pata] — kng[aat p(t) — 2atp(t)a + p(H)aat]
(3) Where H is the J- C Hamiltonian egn.(2) when and only when
there is a single atom in the cavity. On the other hand when there is
no atom in the cavity the above differential equation becomes:

p(t) = —i[Ho — p] — k(ng + D]atap(t) — 2 ap(t)at +
pata] — kng[aat p(t) — 2atp(t)a + p(t)aat]
(4)
where H, = hwata, is the single mode cavity field Hamiltonian.
Since the two-level atom is in a coherent stat i.e.

Y >= ale>+p|g > )
with
lal® + |81 =1 (6)

Since the coupling between the atom with upper state |e > and
lower state |g > and the single mode radiation field is present during
the motion, the space is spanned by states |g > |0 >, |e > |n >,
|g>In+1> forn=0,1,2,..... here |0> is a vacuum state. In this
case we should solve for the four coupled elements: pgp.em
pg,n+1;g,m+1 ’ pe,n;g,m+1 vpg,n+1;e,m

The differential equations for these coupled elements can be
written in matrix form as:

PO, t) = AOM) YO, t) + BOm) p©Om +1,t) +
COMPPm -1 U]
In which the ¥® = 4(n, m) and k = m — n represents the degree
of off-diagonality.
The 4- column vectors ™) (n, t) are
Pen—1;e,m—1(t)
pg,n;g,m(t)
pe,n—l;g,m(t)
.Dg,n;g,m—l(t)
and A® (n), B®(n), % (n) are 4x4 matrices.
For the complete calculations and manipulations of differential
equations and adoption of some useful techniques for obtaining
solution we refer to our first part, namely A.M, Kremid. 2019 [13].

PP, 0) = ®)

The Solution:
Now we solve the equations of motion for the density matrix p which
are expressed in the matrix form eq.(7).
First of all we assume that all atoms are prepared in the coherent
superposition of their upper and lower states namely:

Patom = |ll1 >< 1.0|

Patom = |alzpe,e + a*ﬁpg,e + ‘X.B*pe,g + |.3|2pg,g )
where eq.(5) has been used and the single mode cavity radiation field
is initially in a diagonal thermal state

Pnm = 6n,m% (10)
For n=0, m=0, we put

0

PO(0,t) = Pg,o;gdo ® a
0

At t=0 and for (n=0, m=0)
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0
1
|ﬁ|2_ , (12)

(nep+1)
0
0
and for (n>0, m>0),
2 ()™t
e
(nen)™
18I m (13)
0
0 . i
After some manipulations we reach to an equation for the density

matrix p for the micromaser cavity field in photon number basis, the
density matrix elements of the master equation for damping are,

pwxmo=zxmm+1ﬂ¢m+1xn+k+1mwxn+L0+
(n + S) p®(n, t)] + 2Kn4p [ M)+ k)p®n -
1,t) — (n +1+ g) p®(n, t)] (14)

The solution to the total differential equation of the field density

matrix can be expressed as, P.Bogar, et. al., (1995) [16]:
p(k) (n’ t) =

o Kk al a n—i B’ i
exp(—1ckt) o Xn-i o g (3)  (5) PRGL0) (15)
where

k) _ ity (G
G = GO 0) )
A = (ng, + 1)(1 — exp(—2kt)),

B =1+ ng (1 — exp(—2kt)),

A" = exp(—2kt) — ny, (1 — exp(—2kt)) and

B' = —ng, (1 — exp(—2kt)).

After obtaining all Y™ (n,t)'s (n=0,1,2,....) we calculate the

reduced density matrix elements of the cavity field by tracing over

the atomic variables by using the relation

pY() = Traromp ™ (n) (16)

The diagonal elements of the density matrix p(® (n) can be used for

the calculation of the following physical observables

1- The average photon number of the micromaser field
<n>=Tr(np®m)) 7)

2- The normalized variance in the photon number

1,[)(0) 0,0) =

Yp®(n,0) =

N IR

<n?>-<n>? (18)
<n>
3-The entropy of the micromaser field
S =—Trlpn(p)]
S = —Xn=0Pnn In ppy (19)

v =

This equation is for the case when p is diagonal that is when |a|? =
1 only but when |a|? # 1 the density matrix becomes p,,,,, instead
of p,,,, namely

§S=- Zn,m Pnm In Pnm (20)

Numerical Results and Discussion

We will now give numerical results for the case when |a| # 0
and |B] # 0, that is when the atoms are pumped into the cavity in a
coherent superposition of their upper and lower states. The
calculations we are working with will be in a two dimensional space,
namely the computational work needs a dealing with every
PnmWhere n and m are running from 0 to 40.
For the quality factor of the cavity Q = 5 x 10%°, gt;,, = 1.54,
gT, = 308, and the temperature of the cavity is T=0.5 K in which
the initial average photon number inside the cavity is ny, = 0.15 and
with regular inputs, the cavity field evolves towards a steady state as
shown in Fig.(1). Initially the trapping state at n=m=3 for gt;,; =
1.57 appears to play a significant role in the dynamics. The average
photon number in the cavity field rapidly increases from black body
at N=0 to reach <n> =2.31 at N=11 then rises steadily to higher
values as N increases.

L O L L L

0 50 100 N 150 200 250
Fig.(1) The average photon number <n> in the cavity field as a
function of the number of atoms N for the case of regular inputs
|2|?=0.8 , Q = 5 x 10%°, gt;,,, = 1.54, gT, = 308 and the initial
average thermal photon number in the cavity is n, = 0.15

The corresponding variance v Fig.(2), drops from black body to v =
0.558 at N=11. Past this point v increases steadily to v=1.95 at
N=169 then it decreases slowly afterwards.

D

2.5

0.0 T g T S § T T % T
) 50 100 [y 150 200 250
Fig.(2) The variance in the photon number as a function of the
number of atoms N for the case of regular inputs , the other
parameters are those of Fig.(1)

For this set of parameters the field evolves towards a mixed state
rather than a pure state as shown by the entropy (increasing S) in

Fig.(3).

0.0 T
0 50

TT T T T T T T [ T T T T [ T T T T[T 1T

100 N 150 200 250

Fig.(3) The entropy S of the cavity field as a function of the number
of atoms N for the case of regular inputs , the other parameters are
those of Fig.(1)

Moreover, the probability that the atom exits the cavity in its upper
state S, = Pje is very small for 1 < N < 4 as shown in Fig.(4),
but very soon it becomes large and reaches its maximum at N=20 and
beyond this point it decreases slowly as N increases
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0 50 100 N 150 200 250

Fig.(4) The atomic probability of upper state S, =P, as a
function of the number of atoms N for the case of regular inputs, the
other parameters are those of Fig.(1)

In Fig.(5) we show the moduli in the density matrix p, ,at the end
of the 50t atom. It is evident from these figures that, the cavity field
evolves towards a steady state regime rather than to a pure state or
trapping state regime. In this steady state regime the down-going
trapping state at n=m=0 is still effective even at this large number of
atoms (but its probability is expected to be finished at very large N).

Fig.(5) The Moduli of the density matrix elements after 50 atoms
have passed the cavity the parameters are those of Fig.(1)

However, the trapping state at n=m=3 (the first up-going trapping
state ) apparently plays an important role for the evolution of the
micromaser and since this trapping state lies in between a down
trapping state at n=m=0 and an upper trapping state at n=m=15, then
the situation becomes complicated and consequently no evolution
towards a pure state J.J. Slosser, et. al., (1990) [17]. Later (after a
large number of atoms have passed through the cavity) the trapping
state at n=m=15 becomes important for the micromaser evolution as
well (its probability increases). Therefore, up to this, (still limited),
number of atoms, the evolution of the micromaser is apparently
towards a steady state equilibrium where on one hand the trapping
states at n=m=0 and at n=m=3 are slowly reduced. On the other
hand, the trapping state at n=m=15 is still growing by increasing N.
No other trapping states are expected to emerge and so finally a
steady state regime will be reached.

The presence of black body radiation initially in the cavity prevents
the evolution towards a pure state because this radiation destroys the
coherence induced in the cavity field. Furthermore there is another
factor prevents the evolution of the cavity field towards a pure state
which is the cavity field damping, L. Ladron et. al. (1997)[18], and
since the coupling between the cavity field and the heat bath is
switched on for all times then there is no chance at all for the
evolution of the field to be towards a pure state.

In future works we will try to eliminate those factors which prevent
the evolution to a pure state to reach a trapping states regime rather
than a steady state regime.

Conclusion

We conclude our work for the action of the one atom micromaser
when the atoms inject coherently into a microwave cavity that
coupled with a heat bath even when the cavity does not empty of
atoms. The evolution of the cavity field shows a steady state
equilibrium when the condition that the repetition time T, is much
grater than the interaction time t;,. In this steady state regime the
cavity field reaches a steady state after a sufficient number of atoms
have passed through the cavity. Evidently the only responsible
parameter for the qualitative changes is the repetition time T,, namely
when T, > t;,, then the micromaser field evolution is towards a
steady state equilibrium. We will investigate in another future work
the case when the repetition time T, is reduced to the order of
interaction time t;,, where we expect the evolution of the cavity
field is controlled by the trapping state dynamics and not by steady
state one.

Moreover the first going-up trapping state at n=3 plays a significant
role in the early dynamics of the micromaser field for this type of
injection of atoms i.e the coherent superposition case but the
evolution to a pure state is failed or prevented by some factors like
the presence of a cavity field damping , the presence of the trapping
state at n=3 in between the n=0 trapping state and trapping state at
n=15 prevents the field from evolving towards a pure state and finally
the presence of black-body radiation field initially in the cavity
destroys coherence induced in the field and no pure state reached by
the field.
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