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Multi-fuzzy set

Multi fuzzy ring

Multi fuzzy left(right) ideals
homomorphism of multi-fuzzy
ideal of a ring

Cartesian product of multi-fuzzy
sets.

multi fuzzy set theory is an extension of fuzzy set theory, which deals with the multi dimensional
fuzziness. In this paper, we introduce the concepts of multi-fuzzy rings, multi fuzzy ideal, image of
multi- fuzzy ideal of a ring under homomorphism, Cartesian product of multi-fuzzy set, and some
related properties and theorems are investigated. The purpose of this study is to implement the fuzzy
set theory and rings theory in multi-fuzzy rings.
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1. Introduction

After the introduction of the fuzzy set by Zadeh[1] and Rosenfeld
[2] several researchers explored the generaliz- ation of notion of
fuzzy set. Since then, the study of fuzzy algebraic structures has been
pursued in many directions such as groups, modules, vector space
and so on. The idea of anti fuzzy subgroup was introduced by Biswas
[3] which was extended by many researchers. The concept of a fuzzy
ideal of a ring was introduced by Liu [4] in 1982. Subsequently, Yue
[5], Mukharjee and Sen [6] Swamy and Raju [7], Dixit et al [8], Raj
Kumar [9], and Zie [10] developed the theory of fuzzy rings. Since
then many researchers explored on the generalization of the notions
of fuzzy set and its application to many mathematical branches.
F.A.Azam, A.A. Mamum, and F.Nasrin [11] apply the idea of Biswas
to the theory of ring. They introduced a notion of anti fuzzy ideal of

a ring. The notion of fuzzy sub near-ring and fuzzy ideals was
introduced by Abou-Zaid [12].

Sabu Sebastian and T.V. Ramakrishnan [13,14] introduced the
theory of multi-fuzzy sets in terms of multi-dimensional membership
functions and investi- gated some properties of multi level fuzziness.
After introducing multi-fuzzy subsets of a crisp set, they have also
introduced and studied some elementary properties of multi-fuzzy
subgroups. R. Muthuraj and S. Balamurugan [15] introduced the
concept of multi-anti fuzzy subgroup and discussed some of its
properties. In [16], we extended the concept of multi-anti fuzzy
subgroup to multi-anti fuzzy ideal of a ring. and introduced a notion
of multi-anti fuzzy ideal of a ring and some of its properties are
discussed.

In this paper, we introduce the concepts of multi-fuzzy rings, multi
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fuzzy(left-right)ideal, image of multi-fuzzy ideal of a ring under
homomorphism, Cartesian product of multi-fuzzy set, and some
related properties and theorems are investigated and study some of
their related properties.
2. Preliminaries
In this section, we site the fundamental definitions that will be
used in the sequel.
Definition 2.1[15-16] Let X be a non-empty set. A multi-fuzzy set A
of X is defined as A ={<x, uy(x) > x€X}. Where uy =
(Uq, Uy, vy i), that is, us(x) = (uqg (%), uy(x), ..., ur(x)) and
u;: X - [0,1],vi=12,..,k. Here k is the finite dimension of 4.
Also note that, for all i, u;(x) is a decreasingly ordered sequence of
elements. That is, u; (x) = u,(x) = -+ = up(x), Vx € X.
Definition 2.2[17-18] Let k be a positive integer and A and B be a
multi-fuzzy set of dimension k on X. That is, A =
{(x,ug (), u (%), ..., up (%)), x € X} and

B = {(x,v1(x), v2(%), ..., v (x)), x € X} where

u;(x),vi(x)el, vj=12,.. k.
Then we have the following relations and operations for all x € X
i. A=B iff yy(x) =v;(x)V j=12,.. k.
ii. ASBIiff u(x) <vi(x)V j=12, ..,k
iii. AUB =
{(xr, max{u, (x), v; (0}, ..., max{uy (x), v (x)}); x €X'}
iv. AnNB=
{(x, min{u, (x), v, (1)}, ..., min{w (x), v (V}); x € X }
v. The multi-fuzzy complement of multi-fuzzy set A is
C(A) ={lx, c(ur(x)), c(ua(x), ..., c(ur(x))): x € X} =
{(x, 1—u (%), 1—u,(x),..,1— uk(x)),x € X} where
C(ui(x)) is the complement of wu;(x) for all i =
1,2,3,....., k.
Exampel 2.3. let X ={a,b,c,d}. Then A =
{(0.5,0.5,0.3,0.1,0.1)/b, (0.65,0.2,0.2,0.2) /d} is a fuzzy
multiset of X. or equivalently, we can write it as:
A(a)=A(c)=0, A (b) =(05,0.5,0.3,0.1,0.1),
A (d) = (0.65,0.2,0.2,0.2) .

Example 2.4. Let X = {a, b, c,d} and define the fuzzy multisets
A, B, C of X as follows:

A = {(0.5,05,0.3,0.1,0.1)/
b, (0.65,0.2,0.2,0.2)/d}

B = {(0.5,0.5,0.3,0.1,0.1)/b, (0.5,0.1) /c, (0.65,0.2,0.2,0.2)
/d}

¢ = {(0.5,0.3)/a,(0.5,0.1)/c,(0.35,0.3,0.1) /d}.
Then it is clear that:
1) A € Band A # B,

2)A nC ={(0.35,0.2,0.1)/d},

3) AuC ={(0.5,0.3)/a,(0.5,0.5,0.3,0.1,0.1)/b, (0.5,0.1)/
¢,(0.65,0.3,0.2,0.2)/d}, and

4) ¢(4) ={(1,1,1,1,1)/a,(0.9,0.9,0.7,0.5,0.5) /b, (1,1,1,1,1)/
¢, (1,0.8,0.8,0.8,0.35)/d}
Definition 2.5[19] Let k be a positive integer and A and B be multi-

fuzzy set of dimension k on X x Y. That is,
A= {(x,ul(x),uz(x), ...,uk(x)),x € X} and

B ={(y,v:(3,v,(3), .., vx(»)),y €Y} . Then the Cartesian
product A x B of two mutli-fuzzy sets A and B is given by
AXB =

Definition 2.6[20] Let A = {(x,ul(x),uz(x), ...,uk(x)),x € X}
where 4;(x) € [0,1], Vj = 1,2, ..., k be a multi-fuzzy set on X and
a =(aq,ay,...,ar),a; € I fori =1,2,..,.k. Then the set A, =
{x e X /A(x) = a}iscalled level subset of a multi- fuzzy subset
A.

Definition 2.7[21] Let f be a mapping from a set X to a set Y, and
let A and B be multi-fuzzy subsets in X and Y respectively.

i. f(A), the image of A under f, is a multi-fuzzy subset in Y. For

all y € Y, we define,

FuG) = [P o0 T 0N 20

0, otherwise

ii. f71(B), is the pre-image of B under f, is a multi-fuzzy set in X.
That is,

f7Y(B)(x) = B(f(x)) forall x € R.

Definition 2.8[22] A multi-fuzzy set A in X has the sup property if,
for any subset T of X, there exists t, € T such that

A(to) = supier A(T)

Definition 2.9[23] A multi-fuzzy set A on aring R is said to be a
multi-fuzzy ring on R, ifforall x,y € R

(i) Ax —y) =min{A(x),A(¥)} and

(i) A (xy) = min {A(x), A(Y)}-

Definition 2.10[24] A multi-fuzzy ring A on R is said to be
(i) a multi-fuzzy left ideal if

A(xy) = A(y), forall x,y € R and

(ii) a multi-fuzzy right ideal if

A(xy) = A(x), forall x,y € R.

Definition 2.11[24] A multi-fuzzy ring A =

{C, uq (), up (), oo, u (), ... ):x € X}onaring R is called a
multi-fuzzy ideal if it is both a multi-fuzzy left ideal and a multi-
fuzzy right ideal.

In other words, a multi-fuzzy set A on R is a multi-fuzzy ideal, if for
allx,y eR

(i)A(x — ¥y) = min{A(x),A(y)}and

(i) A (xy) = max {A(x), A(y)}
Example 2.12 Let (R, +, .) be a ring defined by the following
tables:

+ 0 1 2
0 0 1 2
1 1 2 0
2 2 0 1

0 1 2
0 0 1 2
1 0 1 2
2 0 1 2

A ={(1,1,0.8,0.8,0.1)/0,(0.7,0.5,0.3,0.1)/
1,(0.7,0.5,0.3,0.1)/2} is a multi fuzzy left-ideal of R.
Example 2.13 Let (Z, +, .) be aring of integers under standard
addition

”+” and with ” - ” defined by x*y =y forall x,y € Z. Let

(1,03,03,02) x €{0,%2,+4,..} }

A) ={ 0 x € {+1,¥3,45,..}

{(Ge, ), min{uy (x), v; (1)}, min{u, (x), v, (1)}, ..., min{w (x), v (»)})  Then A a multi-fuzzy ring on Z.

;(x,y) EX XY}
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3. Main results

In this section we introduce the notion of multi fuzzy (left, right)
ideal of aring R. Further we show that any intersection of multi fuzzy
(left, right) ideals is a multi fuzzy (left, right) ideal, Cartesian product
of multi-fuzzy set and multi fuzzy (left, right) ideals and (inverse)
image of a multi fuzzy (left, right) ideal is a multi fuzzy (left, right)
ideal.
Theorem 3.1[24] If {A;/i € I} is a family of multi fuzzy sub rings of
aring R, then Nn;¢; A; is a multi fuzzy sub ring of R.
Proof: Let A =n A; and letx,y € R.

(@ Alx—y)=nADx-y)
=Ner 4i(x — ¥)
2Nier (Aix A Apy)
= (Nier A)x A (Nieg Ap)y

= (Nier AD(X) A (Nigp AD(Y) = Ax A Ay.

(b) AGxy) = (AA)(xy)
= Nier Ai(x ¥) 2Nie; (Aix A Ay)
= (Nier Ax A ((Nier AD) y
= (Nier A () A (Nier A (Y) = Ax A Ay.

Theorem 3.2[16] If {A;/i € I} is a family of multi fuzzy left ideals
of aring R, then N;¢; A; is a multi fuzzy left ideals of R.
Proof: Let A =nN;¢; 4;. Since meet of any family of multi fuzzy sub
rings is a multi fuzzy sub ring. So, it is enough
to show that A (xy) = A(y) V x,y € R, to show A is a multi fuzzy
left ideal.
Alxy) = (Nier A (xy)
= Ner (Ai(x Y))
>N (A ()

= (Nier A)(¥) = A(%)
Theorem 3.3[16] If {A;/i € I} is a family of multi fuzzy right ideals
of aring R, then N;¢; A; is a multi fuzzy right ideals of R.
Proof: Let A =n;¢; 4;. Since meet of any family of multi fuzzy sub
rings is a multi fuzzy sub ring. So, it is enough to show that A (xy) =
A(x) V x,y € R, to show A is a multi fuzzy right ideal.

Alxy) = (Nies AD (xy)
=Nier (4i(x )

2Ner (Az(x))
= (Nier A (x) = A(x).

Theorem 3.4[16] If {A4;/i € I} is a family of multi fuzzy ideals of a
ring R, then N;¢; 4; is a multi fuzzy ideal of R.
Proof: It follows from above two theorems.

Theorem3.5[25] If A and B are two multi fuzzy left ideal ofaring R,
Then (A X B) is a multi-fuzzy left ideal of R X R.

Proof:

Let A and B be two multi fuzzy left ideal of aring R.

Let (xq,x,) and (y4,¥2) ER XR

i (AXB)(x; - y1,%-Y2) =
{min{A;(x; - ¥1), B1(x2 - y2)}, ..., min{Ay (x1 - ¥1), B (xz - y2)1}

{min{min(4, (xy), Al(yf)), min(B; (x,), B1(¥2))}, e
min(min (A4 (3,0, A 2)), i By o), Be )
(min{min(Ay (), By (), min(Ay0), By )} .
(i (A4 (), B ), (A 0, Be )}

{min{min(4; (x1), By (x2)), ..., min( Ay (x1), B (x)),

min(A1(Y1): By (YZ))' ...,min(Ak(yl), By ()’2))}}
= min{(4 x B)(x1,x;), (A X B)(y1,¥y2)}

(Ax B)(x1 - y1, %3 = y2) = min{(A X B)(x1,x3), (A x
B)(y1,y2)}

ii. (AXB)(x1 y1,x2 y2) = {min{d;(x1 y1), B1(x2 ¥2)}, - -

min{Ay (x1 y1), B (x2 ¥2)}}
min{A; (xy y1), B (x2 ¥2)}}

> {min{A;(y1), B1(¥2)}, ..., min{Ag (y1), B (y2)}}
=(AXB) (y1, ¥2)
(AXB) (X1 y1,%2¥2) 2 (AX B) (y1,52)
Hence (A x B) is a multi-fuzzy left ideal of R.

Theorem 3.6[25] If A and B are two multi fuzzy right ideal of a
ring R, Then (A X B) is a multi-fuzzy right ideal of R X R.
Proof:

Let A and B be two multi fuzzy right ideal of aring R.

Let (xq1,x,) and (y4,¥2) ER XR

L (AxB)xg - y,x- y2) =

{min{A;(x1 - y1), B1(x2 - ¥2)}, ..., min{Ax (x1 - ¥1), B (x2 - y2)}
>

(min{min(A; (xy), A, (7)), min(By (x2), By ()} .
min{min(Ay(x1), Ak(:Vi))' min(By (x2), B (v2))}}
{min{min(4,(x,), B, (x_z)), min(4, (1), By )}, .
min{min(Ay(x1), B (x_z))' min(Ax(y1), B (¥2)))}}
{min{min(4,(x,), B (x_z)), o, min(Ag (x1), By (x2)),
min(4, (1), B1(v2)), ..., min(Ax (v1), B (v2) )3}

= min{(A X B)(xy,x3), (A %X B)(y1,y2)}
(Ax B)(x1 - y1,%3 - ¥2) = min{(A X B)(x1 ,x3), (A x
B)(y1,¥2)}

ii. (AX B)(xy y1, %2 ¥2) =
{min{A1(x1 y1), B1(x2 ¥2)}, ..
min{Ay (X1 y1), B (x2 ¥2)}}
> {min{A{(x1), B1(x)}, ..., min{Ag (x1), Bx (x2)}}
= (AXB) (x1, x2)
(A X B) (x1 y1,X%2 y2) = (A X B) (x1,%2)

Hence (A x B) is a multi-fuzzy right ideal of R.

Theorem3.7[24-26] Let f be a homomorphism from a ring R into a
ring T and let B be a multi-fuzzy left ideal of T. Then the pre-image,
f~1(B) is a multi-fuzzy left ideal left of R.

Proof. Consider a ring homomorphism f : R — T .Let B be a multi-
fuzzy left ideal of T.

i. fAB)x—y) =Bf(x-y)

Bf () - fO)

I\

min{Bf (x), Bf (¥)}
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= min{f~1(B)(x), f " (B)()}
FHB)(x —y) = min{f~1(B)(x), f1(B)(»)}
i, fB)xy) = B(f(xy)
=B (f(Of )
2 min{Bf (x), Bf (¥)}
= min{f 1 (B)(x), f T (B)(¥)}
fHB)Cey) = min{f 1 (BY(x), fH(BY()}
ii.  fTB)(xy) = B(f(xy))
=B (fOf )
=B (f()
=B
B @) = F(B)©Y)

Therefore, f~1(B) is a multi-fuzzy left ideal of R.

Theorem3.8[24-26] Let f be a homomorphism from a ring R into a
ring T and let B be a multi-fuzzy right ideal of T. Then the pre-
image, f~1(B) is a multi-fuzzy right ideal of R.

Proof. Consider a ring homomorphism f : R — T. Let B be a multi-
fuzzy right ideal of T.

Forall x,y € R.

i B —-y)=Bf(x-y)

B(f(x) - f()

\%

min{Bf (x), Bf (¥)}

min{f ' (B)(x), f 1 (B)()}
FAB)(x—y) = min{f2(B)(x), f1(B)»)}
i.  fTUBCy) = B(f(xy)
=B (f()f )
= min{Bf (x), Bf (y)}
= min{f~*(B)(x), f *(B)(»)}
FU(B)(xy) = min{f"1(B)(x), f1(B)(»)}
ii. f1(B)(xy) = B(f (xy))
=B (f(x)f())
=B (f(x)
=71 (B)(x)

By = B
Therefore, f~1(B) is a multi-fuzzy right ideal of R.

Theorem3.9[24-26] Let f be a homomorphism from a ring R into a
ring T, and let B be a multi-fuzzy ideal of T. Then the pre-image,
f~Y(B) is a multi-fuzzy ideal of R.

Proof

Itis clear

Theorem3.10[22] Let f be a homomorphism from a ring R into a
ring T and let A be a multi-fuzzy left ideal of a ring R with sup
property .Then the image, f(A) is a multi-fuzzy left ideal of a ring
T.

Proof. Consider a ring homomorphism f : R —» T .Let A be a multi-
fuzzy left ideal of T.

Forall x,y € R.

i @U@ -fO)=fADf(x-y)
= A(x-y)

\%

min{A(x), A(y)}
min{f (4)(x), f (A) ()}

fAf) = f) = min{f(A)(x), f(A))}
i fAF@fO) = fAFEY)
= A(xy)
=2 min{A(x), A(y)}
= min{f(4)(x), f(A) )}
fAFOIf ) = min{f(A)(x), f(A) ()}

iii.  fAFfO) = fAf(xy)
= A(xy)

= A®Y)
= fAAOFG))

fFAGFfO) =BT
Therefore, f(A) is a multi-fuzzy left ideal of T.

Theorem3.11[22] Let f be a homomorphism from a ring R into a
ring T and let A be a multi-fuzzy right ideal of a ring R with sup
property .Then the image, f(4) is a multi-fuzzy right ideal of a ring
T.
Forall x,y € R.
Proof. Consider a ring homomorphism f : R — T .Let A be a multi-
fuzzy right ideal of T.

i fAF) - ) =FAf(x-Y)

= A(x-v)

I\

min{A(x), A(¥)}

min{f (A)(x), f(A) )}
FAFC) = FG)) = min{f (A (), f (D)}
i fAFfFO) = fAfC)
= A(xy)
> min{A(x), A()}
= min{f(4)(x), f(A) ()}
FAFF)) = min{f(A) @), (D)}
ii.  FFEfO)) = FAf(xy)

= A(xy)
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> A(x)
= (A (x)
fFAFf) = FAF )

Therefore, f(A) is a multi-fuzzy right ideal of T.

Theorem3.12[22] Let f be a homomorphism from a ring R into a
ring T, and let A be a multi-fuzzy ideal of a ring R with sup property.
Then the image, f(A) is a multi-fuzzy ideal of aring T.

Proof Itis clear.

4. CONCLUSION
In the present paper, by using the idea of multi-fuzzy ideals we have

pioneered the notion of multi-fuzzy ideals of a rings and we introduce

the concepts of multi-fuzzy rings, image of multi-fuzzy ideal of aring

under homomorphism, Cartesian product of multi-fuzzy set, and

some related properties and theorems are investi- gated. It is well

known that the concept of fuzzy multiset

is well established in dealing with many real life problems. As a

result, we can deal with real life problems involving the concept of

fuzzy multiset with a different perspective.
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