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 A B S T R A C T 

In this paper, a combination of deterministic and stochastic systems with its random parameters in the 
model was considered. The analytical solution to the proposed model is presented in detail which 
determined the following insurance quantities or variables such as: surplus process of insurance 
company, risky and risk-less assets. These results were explicitly verified graphically and the effects of 
the expected rate of return were discussed. 

 الوقت مع معلمات عشوائيةحل تحليلي لعوائد الاستثمار المتغيرة بمرور 

c& P.A  Azor b,  I.U AmadiaB.O. Osu* 

a .قسم الرياضيات جامعة ولاية أبيا ولاية أوتورآبيا 
b  الإحصاء الكابتن  ،قسم الرياضياتElechi بوليتكنك مادي ميناء رومولا هاركورت 
c  الإحصاء ، الجامعة الفيدرالية أوتوك ، ولاية بايلسا ، نيجيريا ،قسم الرياضيات 

 

Introduction 
Investments are basically business operations associated with risk 

which cannot be relegated to the background. Humans factually takes 

risk surviving; so risk is a vital tool used to effectively manage our 

portfolio of investment because it determines the variation in returns 

on the asset and portfolio and gives investor a mathematical basis for 

investment decisions [1]. A typical example of the risk associated 

with a security are stocks, bonds, property, etc. 

However, because of risk involvement in portfolio of investments, 

insurance companies came up with the idea of insuring life and 

properties etc. In fact, insurance companies’ share third party in their 

obligation of financial results. Reinsurance is the practice where by 

insurer on financial result of its insurance obligation in various ways 

with reinsurance, risk among several insurance companies inside and 

outside the country will be divided. So in the event of large losses 

from financial situation as insurance company will not face a risk, in 

simple terms reinsurance means division and distribution of risk. 

Generally, risk is a universal factor as far as human being is concern, 

because we acquire risky or riskless assets respectively. These factors 

are better modeled as the trajectory of a diffusion process defined on 

some underlying probability space, with the geometric Brownian 

motion the paramount tool used as the established reference model, 

[2]. Modeling of financial concepts cannot be over emphasized due 

to its numerous applications in the fast growing field of science and 

technology.  

For instance, [3] considered maximizing the exponential utility and 

minimizing the ruin probability and result showed the same type of 
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investment strategy for zero interest rate. [4] studied an optimal 

reinsurance and investment problem for insurer with jump diffusion 

risk process. [5] Considered the risk reserve of an insurer and a 

reinsurer to follow Brownian motion with drift and applied optimal 

probability of survival problem under proportional reinsurance and 

power utility preference. In a similar circumstance, [7] took into 

account the excess loss of reinsurance and investment in a financial 

market, where optimal strategies were obtained explicitly. 

[8] engrossed on an optimal reinsurance investment problem for an 

insurer with jump diffusion risk model when the stock’s price was 

governed by a CEV model. 

[9] worked on strategies of optimal reinsurance and investment for 

exponential utility maximization under different financial markets. 

[10] investigated investment problem with multiple risky assets. [1] 

studied an optimal portfolio selection model for risky assets based on 

asymptotic power law behavior where security prices follow a 

Weibull distribution. 

The work of [11] analyzed the stability of stochastic model of price 

change at the floor of a stock market. In their analysis précised steps 

were derived which helped in determining the equilibrium price and 

growth rate of stock shares. [12] considered the unstable nature of 

stock market forces using proposed differential equation model.  

 [13] considered stochastic analysis of the behavior of stock prices. 

Results reveal that the proposed model is efficient for the prediction 

of stock prices. In the same vein, [14] studied the stochastic 

formulations of some selected stocks in the Nigerian Stock Exchange 

(NSE), in their findings, the drift and volatility coefficients for the 

stochastic differential equations were determined and the Euler-

Maruyama method for system of SDE’S was used to stimulate the 

stock prices. [8] built the geometric Brownian Motion and studied the 

accuracy of the model with detailed analysis of simulated data. 

 More so [15] worked on stochastic problem of the fluctuation of 

stock market price. Here conditions for finding the equilibrium price, 

necessary and sufficient conditions for dynamic stability and 

convergence to equilibrium of the growth rate of the valued function 

of shares. On the other hand, [16] considered a stochastic problem of 

price changes at the floor of stock market. The equilibrium price and 

the market growth rate of shares were determined from their 

evaluations. 

It is clear that [6] has expressed the reserve of risk of two insurance 

variables to revolve according to a Brownian motion under which 

their optimal probability of existence was tackled. Nevertheless, 

based on the fact that the point of focus is of risky asset, risk free 

asset and over-plus of company’s claims which changes over time 

between the one who insures and reinsures. Due to these changes 

affecting stock variables motivated us to proffer precise condition of 

adding sources of randomness in the formulated model. To this end, 

an accurate analytical solution was obtained for time varying 

investment returns. To the best of our knowledge these novel 

contributions have not been seen elsewhere as this will widen the 

scope in this dynamic area of financial mathematics. 

This paper aims at first, present a time varying investment return 

which is deterministic and stochastic using drift and random 

parameters which is aimed at determining the surplus of insurance 

company for insurer and reinsurer. Secondly an investment of risky 

asset (stock) and riskless asset (bond) of insurer and reinsurer whose 

returning rate of time is linear and quadratic. 

This paper is prescribed in the following ways: Section 2.1 presents 

the preliminaries, the mathematical formulation is seen in 

subsection 2.2, subsection 2.3 is method of solution, results are seen 

in Section 3, while the discussion is presented in Section 4 and 

paper is concluded in Section 5. 

Preliminaries 

Definition 1: A standard Brownian motion is simply a stochastic 

process t t
B


 with the following properties: 

 

i) With probability 1, 𝐵0 = 0. 

ii) For all 0 ≤ 𝑡1 ≤ 𝑡2 … ≤ 𝑡𝑛, the increments 

               𝐵𝑡2
− 𝐵𝑡1

, 𝐵𝑡3
− 𝐵𝑡2

, … 𝐵𝑡𝑛
− 𝐵𝑡𝑛−1

are independent. 

iii) For 𝑡 ≥ 𝑠 ≥ 0, 𝐵𝑡 − 𝐵𝑠 □𝑁(0, 𝑡 − 𝑠). 

iv) With probability 1, the function   → 𝐵1is continuous. 

1. Stock Price Modelling 

Theorem 1: (Ito’s formula) Let  (Ω, 𝛽, 𝜇, 𝐹(𝛽)),  be a filtered 

probability space and 𝑋 = {𝑋, 𝑡 ≥ 0} be an adaptive stochastic 

process on  (Ω, 𝛽, 𝜇, 𝐹(𝛽))processing a quadratic variation (𝑋)with 

SDE defined as:   𝑑𝑋(𝑡) = 𝑔(𝑡, 𝑋(𝑡))𝑑𝑡 + 𝑓(𝑡, 𝑋(𝑡)𝑑𝑊(𝑡) 

𝑑𝑢(𝑡, 𝑋(𝑡)) = {
𝜕𝑢

𝜕𝑡
+ 𝑔

𝜕𝑢

𝜕𝑥
+

1 

2
𝑓2 𝜕2𝑢

𝜕𝑥2
} 𝑑𝑡 + 𝑓

𝜕𝑢

𝜕𝑥
𝑑𝑊(𝑡), 

       𝑡 ∈ ℜ and 𝑢 = 𝑢(𝑡, 𝑋(𝑡) ∈ 𝐶1,2(ℿ × □)). 

Mathematical Formulations 

Here, deterministic and stochastic systems are considered following 

a claim process  𝐶(𝑡)of insurance company whose stock price of 

asset is been traded at a specified time, t  .The stochastic process 

describing the analysis is of the form: 

        𝑑𝐶(𝑡) = 𝛼𝑑𝑡 + 𝛽𝑑𝑍(1)(𝑡),              (1)  

where 𝛼 is an expected rate of returns on stock, 𝛽 is the stock 

volatility, dt  is the relative change in the price during the period of 

time and 𝑍(1) is a standard Brownian motion defined on a complete 

probability space (Ω, 𝑓, (𝑓), 𝑃). 

Also considering the surplus term 𝑅(𝑡) of the insurer where the 

insurance company is obliged to buy proportional reinsurance in 

order to reduce risk and pay reinsurance premium consistently at a 

particular rate, [5] based on the above factors the surplus of 

insurance is governed following differential equation and stochastic 

differential equation respectively. 

        𝑑𝑅𝐾(𝑡)

𝑑𝑡
= (𝜃 − 𝜀𝜂2𝛼)𝑅𝑘(𝑡)               (2)  

 

𝑑𝑅𝑘
′ (𝑡) = (𝜃 − 𝜀𝜂2𝛼)𝑅𝑘

′ (𝑡)𝑑𝑡 + 𝛽𝑅𝑘
′ (𝑡)𝑑𝑍(1)(𝑡),                  (3) 

with the following initial condition:  
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                    𝑅𝑡(0) = 𝑅0, 𝑡 > 0 and 𝑅0
′ (0) = 𝑅0

′ ,   𝑡 > 0.          (4) 

Where 𝑅𝑘(𝑡), 𝑅𝑘
′ (𝑡) are surplus terms of the company claims,  

and   are loadings (ie security risk premium) and   is random 

noise due to environmental effects. The process  will be under 

multiple sources of randomness.  

However, suppose the insurer and reinsurer invest their gain in the 

market is made up of risky asset (stock) and risk free asset (bond) 

which rate of return follows a linear and quadratic function of time. 

Let
       1 1 2 2, and ,P t P t P t P t 

 represent prices of risky 

asset and riskless asset respectively. Deterministic and stochastic 

systems, Hence, the following mathematical structure is proposed: 

  𝑑𝑃1(𝑡)

𝑑𝑡
= 𝛼𝜀𝑃1(𝑡), (5) 

𝑑𝑃1
′(𝑡) = 𝛽𝑃1

′(𝑡)𝑑𝑍(1)(𝑡) + 𝛼𝜀𝑃1
′(𝑡)𝑑𝑡, (6)       

𝑃1(0) = 𝑃0 . 𝑡 > 0  and 𝑃1
′(0) = 𝑃0

′ , 𝑡 > 0 ,               (7) 

  
𝑑𝑃2(𝑡)

𝑑𝑡
= 𝛼2𝜀𝑃2(𝑡), (8) 

𝑑𝑃2
′(𝑡) = 𝛼2𝜀𝑃2

′(𝑡)𝑑𝑡 + 𝛽𝑃2
′(𝑡)𝑑𝑍(1)(𝑡), (9) 

and   

𝑃2(0) = 𝑃0 . 𝑡 > 0  and 𝑃2
′(0) = 𝑃0

′ , 𝑡 > 0.              (10) 

Method of Solution 

The model (1) -(9) consist of a system of variable coefficient 
differential equations and stochastic differential equations whose 
solutions are not trivial. We adopt the methods of variable separable 
and Ito’s lemma in solving f0r 

          𝑅𝑘(𝑡), 𝑅𝑘
′ (𝑡), 𝑃1(𝑡), 𝑃1

′(𝑡), 𝑃2(𝑡) and 𝑃2
′(𝑡).  

 
To tackle this problem, we note that 

𝑅𝑘(𝑡), 𝑅𝑘
′ (𝑡), 𝑃1(𝑡), 𝑃1

′(𝑡), 𝑃2(𝑡)and 𝑃2
′(𝑡) < ∞ for all 𝑟𝜖[0,1). 

From (1), this equation is solved using separable variable, hence 

𝑑𝑅𝑘(𝑡)

𝑅𝑘(𝑡)
= (𝜃 − 𝜀𝜂2𝛼)𝑑𝑡. Integrating both sides give 

       ∫ 𝑑𝑅𝑘

𝑅𝑘(𝑡)
𝑑𝑅 = ∫(𝜃 − 𝜀𝜂2𝛼)𝑑𝑡 + ∅, 

           ln 𝑅𝑘(𝑡) = 𝜃 − 𝜀𝜂2𝛼 + ln ∅ , or 

ln (
𝑅𝑘(𝑡)

∅
) = 𝜃 − 𝜀𝜂2𝛼𝑡 

Taking log of the both sides yields the following 

 𝑅𝑘(𝑡) = ∅𝑒𝜃−𝜀𝜂2𝛼𝑡. (11) 

Applying the initial condition in (4) yields 

    𝑅𝑘(𝑡) = 𝑅0𝑒𝜃−𝜀𝜂2𝛼𝑡 (12) 

From (3), the over-plus process of the company claims is completely 

deterministic and the future can be predicted work of the surplus with 

sureness. Thus, generalizing and considering a function  𝑓(𝑅𝑘
′ (𝑡) ,t) 

hence it has to do with partial derivatives. Expansion of 

𝑓(𝑅𝑘
′ (𝑡), d(𝑅𝑘

′ (𝑡) ,t+dt))  in a Taylor series about (𝑅𝑘
′ (𝑡) ,t) gives 

𝑑𝑓 =
𝜕𝑓

𝜕𝑅𝑘
′ (𝑡) 

𝑑𝑅𝑘
′ (𝑡) +

𝜕𝑓

𝜕𝑡
𝑑𝑡 +

1

2

𝜕2𝑓

𝜕𝑅𝑘
′ (𝑡) 

𝑑𝑅𝑘
′ (𝑡) + ⋯   (13) 

Substituting (3) in (13) gives 

𝑑𝑓 =
𝜕𝑓

𝜕𝑅𝑘
′ (𝑡) 

{(𝜃 − 𝜀𝜂2𝛼)𝑅𝑘
′ (𝑡)𝑑𝑡 + 𝛽𝑅𝑘

′ (𝑡)𝑑𝑍(1)(𝑡)}

+
1

2

𝜕2𝑓

𝜕𝑅𝑘
′ (𝑡)

𝑑𝑅𝑘
′2(𝑡)𝑑𝑅𝑘

′2(𝑡) 

= 𝛽𝑅𝑘
′ (𝑡)

𝜕𝑓

𝜕𝑅𝑘
′ (𝑡) 

𝑑𝑍(1)(𝑡) + (𝜃 − 𝜀𝜂2𝛼)𝑅𝑘
′ (𝑡)

𝜕𝑓

𝜕𝑅𝑘
′ (𝑡) 

+
1

2
𝛽2𝑅𝑘

′2(𝑡)
𝜕2𝑓

𝜕𝑅𝑘
′ (𝑡)

𝑑𝑅𝑘
′2(𝑡). 

Now considering the SDE in (3). 

Let 𝑓(𝑅𝑘
′ (𝑡)) = ln 𝑅𝑘

′ (𝑡), the partial derivatives becomes 

               
𝜕𝑓

𝜕𝑅𝑘
′ (𝑡) 

=
1

𝑅𝑘
′ (𝑡)

,   
1

2

𝜕2𝑓

𝜕𝑅𝑘
′ (𝑡)

= −
1

𝑅𝑘
′2(𝑡)

,
𝜕𝑓

𝜕𝑡
= 0.           (14)

 

According to theorem 1(Ito’s), substituting (14) and evaluating 

gives  

                   𝑑𝑓 = {(𝜃 − 𝜀𝜂2𝛼) −
1

2
𝛽2} + 𝛽𝑑𝑍(1).           (15) 

Since the RHS of (15) is independent of 𝑓(𝑅𝑘(𝑡))  ,the stochastic is 

computed as follows: 

𝑓(𝑅𝑘
′ (𝑡)) = 𝑓0 + ∫ {(𝜃 − 𝜀𝜂2𝛼) −

1

2
𝛽2 + ∫ 𝛽𝑑𝑍(1)(𝑡)

𝑡

0

}

𝑡

0

= 𝑓0 + ((𝜃 − 𝜀𝜂2𝛼) −
1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡). 

Since 𝑓(𝑅𝑘
′ (𝑡)) = ln 𝑅𝑘

′ (𝑡), a foundation for 𝑅𝑘
′ (𝑡) becomes 

ln 𝑅𝑘
′ (𝑡) = ln 𝑅0

′ (𝑡) + ((𝜃 − 𝜀𝜂2𝛼) −
1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡)  

or 

ln
𝑅𝑘

′

𝑅0
′ = ((𝜃 − 𝜀𝜂2𝛼) −

1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡). 

So that  

𝑅𝑘
′ (𝑡) = 𝑅0 

′ 𝑒𝑥𝑝 {((𝜃 − 𝜀𝜂
2

𝛼) −
1

2
𝛽2

)𝑡 + 𝛽𝑑𝑍
(1)(𝑡)}.  (16) 

This is the complete solution of over-plus of the insurance company 

for the insurer and the reinsurer. It describes the estimate risk reserve 

of an insurer and reinsurer which follows Brownian motion with drift. 

From (5), this equation is solved using separable variable, hence  

 
𝑑𝑃1(𝑡)

𝑃1(𝑡)
= 𝛼𝜀𝑑𝑡. 

Integrating both sides give  

∫
𝑑𝑃1(𝑡)

𝑃1(𝑡)
= 𝛼𝜀 ∫ 𝑑𝑡 + 𝐾1,  
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so that 

. ln
𝑃1(𝑡)

𝐾1
= 𝛼𝜀𝑡. 

Taking exponent of both sides gives 

   𝑃1(𝑡) = 𝐾1𝑒𝛼𝜀𝑡. (17) 

Applying the initial condition in (7) yields 

𝑃1(𝑡) = 𝑃0𝑒𝛼𝜀𝑡, (18) 

where𝑃0 is the initial price of asset at time, t  . Now considering a 

function 𝑓(𝑃1
′(𝑡), 𝑡) ,hence it has to do with partial derivatives. 

Expansion of 𝑓(𝑃1
′(𝑡), 𝑑𝑃1

′(𝑡), 𝑡 + 𝑑𝑡) in a Taylor series 

about (𝑃1
′(𝑡), 𝑡) gives 

𝑑𝑓 =
𝜕𝑓

𝜕𝑃1
′(𝑡) 

𝑑𝑃1
′(𝑡) +

𝜕𝑓

𝜕𝑡
𝑑𝑡 +

1

2

𝜕2𝑓

𝜕𝑃1
′2(𝑡) 

𝑑𝑃1
′2(𝑡) + ⋯       (19) 

Putting (7) in (19) gives 

𝑑𝑓 =
𝜕𝑓

𝜕𝑃1
′(𝑡) 

{𝜀𝛼𝑃1
′(𝑡)𝑑𝑡 + 𝛽𝑃1

′(𝑡)𝑑𝑍(1)(𝑡)} +
𝜕𝑓

𝜕𝑡
𝑑𝑡 +

1

2

𝜕2𝑓

𝜕𝑃1
′(𝑡)

𝑑𝑃1
′2(𝑡)  

= 𝛽𝑃1
′(𝑡)

𝜕𝑓

𝜕𝑃1
′(𝑡) 

𝑑𝑍(1)(𝑡) + (𝜀𝛼𝑃1
′(𝑡)

𝜕𝑓

𝜕𝑃1
′(𝑡) 

+

1

2
𝛽2𝑃1

′2(𝑡)
𝜕2𝑓

𝜕𝑃1
′(𝑡)

𝑑𝑃1
′2(𝑡)) 𝑑𝑡.                                            (20) 

Let 𝑓(𝑃1
′(𝑡)) = ln 𝑃1

′(𝑡), the partial derivatives become 

               
𝜕𝑓

𝜕𝑃1
′(𝑡) 

=
1

𝑃1
′(𝑡)

,   
1

2

𝜕2𝑓

𝜕𝑃1
′(𝑡)

= −
1

𝑃1
′2(𝑡)

,
𝜕𝑓

𝜕𝑡
= 0.     (21)       

According to theorem 1, substituting (21) gives after simplifying;

 𝑓(𝑃1
′(𝑡)) = (𝛼𝜀 −

1

2
𝛽2)𝑑𝑡 + 𝛽𝑑𝑍(1).            (22) 

Since the RHS of (22) is independent of 𝑓(𝑃1(𝑡))  ,the stochastic is 

computed as follows: 

𝑓(𝑃1
′(𝑡)) = 𝑓0 + ∫ {(𝛼𝜀 −

1

2
𝛽2 + ∫ 𝛽𝑑𝑍(1)(𝑡)

𝑡

0

}

𝑡

0

= 𝑓0 + (𝛼𝜀 −
1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡). 

Since 𝑓(𝑃1
′(𝑡)) = ln 𝑃1

′(𝑡), a foundation for 𝑃1
′(𝑡) becomes 

ln 𝑃1
′(𝑡) = ln 𝑃0

′(𝑡) + (𝛼𝜀 −
1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡)  

or 

ln
𝑃1

′

𝑃0
′ = (𝛼𝜀 −

1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡). 

So that 

                𝑃1
′(𝑡) = 𝑃0 

′ exp { (𝛼𝜀 −
1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡)}.               (23) 

(18) and (23) are  investment of risky asset (stock) of insurer and 

reinsurer whose rate of return is a linear function of time, t .  

From (8) using separable variable, hence 

  
𝑑𝑃2(𝑡)

𝑃2(𝑡)
= 𝛼2𝜀𝑑𝑡. 

Integrating both sides gives 

∫
𝑑𝑃2(𝑡)

𝑃2(𝑡)
= 𝛼2𝜀 ∫ 𝑑𝑡 + 𝐾2, so that 

ln
𝑃2(𝑡)

𝐾2
= 𝛼2𝜀𝑡.  

Taking exponent of the both sides gives 

  𝑃2(𝑡) = 𝐾2𝑒𝛼2𝜀𝑡. (24) 

To find particular solution, we apply the initial condition in (10) 

yields 

  𝑃2(𝑡) = 𝑃0𝑒𝛼2𝜀𝑡. (25) 

To solve the stochastic differential equation (9); 

considering a function 𝑓(𝑃2
′(𝑡), 𝑡 ) ,hence it has to do with partial 

derivatives. Expansion of 𝑓(𝑃2
′(𝑡), 𝑑𝑃2

′(𝑡), 𝑡 + 𝑑𝑡) in a Taylor 

series about (𝑃2
′(𝑡), 𝑡 )  gives 

𝑑𝑓 =
𝜕𝑓

𝜕𝑃2
′(𝑡) 

𝑑𝑃2
′(𝑡) +

𝜕𝑓

𝜕𝑡
𝑑𝑡 +

1

2

𝜕2𝑓

𝜕𝑃2
′2(𝑡) 

𝑑𝑃2
′2(𝑡) + ⋯.       (26) 

Substituting (9) in (26) gives the following  

𝑑𝑓 =
𝜕𝑓

𝜕𝑃2
′(𝑡) 

{𝜀𝛼2𝑃2
′(𝑡)𝑑𝑡 + 𝛽𝑃2

′(𝑡)𝑑𝑍(1)(𝑡)} +
𝜕𝑓

𝜕𝑡
𝑑𝑡 +

1

2

𝜕2𝑓

𝜕𝑃2
′(𝑡)

𝑑𝑃2
′2(𝑡)  

= 𝛽𝑃2
′(𝑡)

𝜕𝑓

𝜕𝑃2
′(𝑡) 

𝑑𝑍(1)(𝑡) + (𝜀𝛼2𝑃2
′(𝑡)

𝜕𝑓

𝜕𝑃1
′(𝑡) 

+

1

2
𝛽2𝑃2

′2(𝑡)
𝜕2𝑓

𝜕𝑃1
′(𝑡)

𝑑𝑃2
′2(𝑡)) 𝑑𝑡.                                                    (27)  

Considering the SDE in (9), 

let 𝑓(𝑃2
′(𝑡)) = ln 𝑃2

′(𝑡), the partial derivatives become 

               
𝜕𝑓

𝜕𝑃2
′(𝑡) 

=
1

𝑃2
′(𝑡)

,   
1

2

𝜕2𝑓

𝜕𝑃2
′(𝑡)

= −
1

𝑃2
′2(𝑡)

,
𝜕𝑓

𝜕𝑡
= 0.        (28)

 
  

 

Following theorem 1 and putting (28) in (27) gives 

𝑓 = (𝛼2𝜀 −
1

2
𝛽2) 𝑡 + 𝛽𝑑𝑍(1)(𝑡)                           (29) 

Since the RHS of (30) is independent of 𝑓(𝑃2(𝑡)) ,the stochastic is 

computed as follows 

𝑓(𝑃2
′(𝑡)) = 𝑓0 + ∫ {(𝛼2𝜀 −

1

2
𝛽2 + ∫ 𝛽𝑑𝑍(1)(𝑡)

𝑡

0

}

𝑡

0

= 𝑓0 + (𝛼2𝜀 −
1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡). 
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Since 𝑓(𝑃2
′(𝑡)) = ln 𝑃2

′(𝑡), a foundation  solution for 𝑃2
′(𝑡) 

becomes 

ln 𝑃2
′(𝑡) = ln 𝑃0

′(𝑡) + (𝛼2𝜀 −
1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡)  

or 

ln
𝑃2

′

𝑃0
′ = (𝛼2𝜀 −

1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡).                                  (30) 

So that 

                𝑃2
′(𝑡) = 𝑃0 

′ exp { (𝛼2𝜀 −
1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡)}.   (31) 

(25) and (30) are investments of risk free asset (bond) of the one 

who insures and reinsures whose return’s rate is quadratic function 

of time. 

The solutions of insurance quantities are summarized below: 

 Deterministic solution of over-plus for the one who 

insures and reinsures investments 

𝑅𝑘(𝑡) = 𝑅0𝑒𝜃−𝜀𝜂2
  

 Stochastic solution of over-plus for the one who insures 

and reinsures investments 

𝑅𝑘
′ (𝑡) = 𝑅0 

′ 𝑒𝑥𝑝 {((𝜃 − 𝜀𝜂
2

𝛼) −
1

2
𝛽2

)𝑡 + 𝛽𝑑𝑍
(1)(𝑡)}

 

 Deterministic solution of investments of risky assets for 

the one who insures and reinsures whose return’s rate is a 

linear function of time. 

𝑃1(𝑡) = 𝑃0𝑒𝛼𝜀𝑡  

 Stochastic solution of investments of risky assets for the 

one who insures and reinsures whose return’s rate is a 

linear function of time 

  𝑃1
′(𝑡) = 𝑃0 

′ exp { (𝛼𝜀 −
1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡)}

 
 Deterministic solution of investments of risky assets for 

the one who insures and reinsures whose return’s rate is a 

quadratic function of time 

  𝑃2(𝑡) = 𝑃0𝑒𝛼2𝜀𝑡

 

 Stochastic solution of investments of risky assets for the 

one who insures and reinsures whose return’s rate is a 

linear function of time 

 

   𝑃2
′(𝑡) = 𝑃0 

′ exp { (𝛼2𝜀 −
1

2
𝛽2)𝑡 + 𝛽𝑑𝑍(1)(𝑡)} 

Results 

This Section presents the graphical results for the problems in (2) -

(10) whose solutions is in (12) -(31), the graphical results are 

obtained using MATHEMATICA. Hence the following parameter 

values were used in the simulation study:  

𝑅𝑘(0) = 20.2, 𝜃 = 0.75, 𝜀 = 0.01, 𝜂 = 0.45, 𝑡 = 4 and 𝛽 = 5; 

𝑃1(0) = 80.51, 𝜀 = 0.01, 𝑡 = 6, 𝛽 = 5 and 𝑑𝑍 = 1; 

𝑃2(0) = 50.61, 𝜀 = 0.01, 𝑡 = 12, 𝛽 = 5 and 𝑑𝑍 = 1.  

 
Figure 1: The variation of deterministic over-plus process of 

company claims of the one who insures and reinsures. 

 
Figure 2: The variation of stochastic over-plus process of company 

claims of the one who insures and reinsures 

 
Figure 3: The variation of deterministic risky asset of the one who  

insures and reinsures of an insurance company 
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Figure 4: The variation of stochastic risky asset of the one who 

insures and reinsures an insurance company 

 
Figure 5: The variation of deterministic risk free asset of the one 

who insures and reinsures an insurance company 

 

 

Figure 6: The variation of stochastic risk free asset of the one who 

insures and reinsures an insurance company 

Discussion of results 

Figure 1 shows the variation of deterministic over-plus process of 

company claims of the one who insures and reinsures r. It can be seen 

that the over-plus process of company claims reduces with increasing 

return’s rate parameter, it is quite obvious in sense that funds are 

allocated towards public debt; which reduces interest rate and helps 

economy. Over-plus process of a company can be used to reduce 

taxes and other trading activities etc. 

Figure 2 shows the variation of stochastic over-plus process of 

company claims of the one who insures and reinsures. This result has 

the same explanation as in Figure 1. It attests adequacy of both 

deterministic and stochastic systems in respect to over-plus process 

claims of insurance company. 

Figure 3 shows the variation of deterministic risky asset with return’s 

rate. It is clear that an in return’s rate leads to increase in deterministic 

risky asset. This is physically consistent because the more an investor 

continues to enlarge its portfolio of investment shows equally that its 

expected return’s rate will also increase. Risky assets have a higher 

expected return’s rate for higher risk. This result is line with that of 

[1, 20] 

Figure 4 shows the differences of stochastic risky asset with return’s 

rate. It is clear that the parameter changes did not affect the direction 

of the trend; it also leads to a rise in the return’s rate. All parameter 

changes move towards extinction of a common trading activities due 

limited goods and services. This result is in consonance with the 

results of [17-19]. 

Figure 5 shows the variation of deterministic risk-less asset. The 

result showed increase in return’s rate leads to a decrease in 

deterministic risk free asset. This quite expected because risky-less 

assets have low return’s rate because there is no-risk involve in the 

trading business. The same explanation holds for Figure 6 which is 

variation of stochastic risk-less asset. 

 

Conclusion  

In this paper, a combination of deterministic and stochastic systems 

with its random parameters in the models are considered. The 

analytical solution to the problem has been presented and was 

verified graphically. The graphical results showed (i) an increase in 

return’s rate decreases over-plus process of insurance company in 

both deterministic and stochastic systems. (ii) an increase in return’s 

rate leads to an increase in risky asset for both systems but the 

stochastic system captured the randomness and converges almost 

surely to zero. (iii) an increase in return’s rate leads to a decrease in 

the risk free assets for the models. This is to show that risk free asset 

is opposite of risky assets. Finally, the stochastic structure between 

the over-plus process claims, risky assets and risk free assets for the 

one who insures and reinsures may be another interest area of further 

study. 
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