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The extended trial function method is utilized in birefringent fibers to generate optical soliton solutions
to the coupled system that correspond to the Gerdjikov-lvanov equation with four-wave mixing terms.
The approach yields singular and bright soliton solutions, and in addition extremely important singular
and singular periodic soliton solutions are extracted by taken the limit of the modulus of ellipticity of the
Jacobi’s elliptic function. The conditions under which the soliton solution exist are also provided.
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Introduction

The Gerdjikov-lvanov (Gl) model with four-wave mixing terms
(FWM) in birefringent fibers, has an important place to govern
parallel transmission of pulses via optical fibers, this model is one of
variey models that study the progression of optical soliton
propagation for transmission technology, optical fibers, data transfer
across intercontinental and transatlantic  distances, and
telecommunications industry. This model has been studied for
polarization-preserving fibers along with strategic algorithms like as

the csch method, the extended tanh — coth method, %-expansion

method, sine-cosine method, Hirota’s method, sine-Gordon equation
method, first integral method, and the exp(—(¢))-expansion method
[1 — 7]. The model also studied in [8] without FWM. Though there
are a lot of advances, the solitons only along one portion of the model
have been considered. For more improvements, the extended trial
function scheme has been utilized with the coupled GI model with
FWM given in two parts forms which gives rise to improve the model
further and strategic singular and bright soliton solutions are
obtained. Also, extremely important singular and singular periodic

soliton solutions which are extracted by taken the limit of the
modulus of ellipticity of the Jacobi’s elliptic function. The conditions
under which the soliton solution exist are also provided.

Governing model
The considered Gl equation [1-8] is represented as

W + ayy + blY|" + icp®yhy = 0. )

The initial term represents the pulses' temporal progression while the
group velocity dispersion is supplied by the factor of a. The complex
valued function (x,t) referred to the wave profile. The b
coefficient is named as the nonlinear term that signifies quintic
nonlinearity. Once and for all, the type of dispersive phenomenon is
ensured by the ¢ coefficient.

The coupled system corresponding to Gl model with FWM in
birefringent fibers [7] is described by

e + a1y + (b1 Y1* + 1 [Y12|D1* + dy 1D Y +
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2

The indices of a; indicates group velocity dispersion while the

indices of b; originate from self-phase modulation. Finally, the

indices of ¢; and d; indicates cross-phase modulation whilst the

indices of B;, y; account for various kinds of dispersive phenomena,

in addition the indices of &;, 5; mean four-wave mixing along with

j=1, 2.

Mathematical preliminaries

For solving the considered coupled system we start with
W(x, ) = wi({(x, 1), 3)
P (x,t) = wy({(x, )e?™D, 4)
where w; for j =1,2 indicate the amplitude of the soliton, ¢
represent the wave variable, and 8 represents the phase of the soliton
that is described as
{(x,t) = kyx — v, (5)
0(x,t) = —k,x + ut + ks. (6)
Here, the soliton's velocity is represented by v, k, indecate the
frequency of the solitons in both components while u is the soliton
wave number and k5 is the phase constant. Putting (5) and (6) into
(3) and (4) and then into (2) we get
—(u+ a kDw, + a k2w + bywi + owiwg +
dywiwg — kyBiwi — kpy,wiwy +
k2(8; + o)) Rwywywy + wiwy' + wiwy'wy) +i(—v —
2a1kiky + ke piw? + kyywiwy =0, (M
—(u+ ak)w, + ak?wy + byws + cowiw? +
dawitwy — ko Bow3 — kv, wiw, +
k2 (8, + 01) CQwywowy + wiwy’ + wowy'wy) +
i(=v = 2ayk ik, + ky Bow5 + kyy,wi)w, = 0. )]
Equation (7) and (8) can be gathered as
—(y+a]k2)w,+a,k +bw +
C]W] w? +d; W]Wl kzﬁ] kzﬂ] - kzijlzwj +
k(8 + cr]-)(ZW]-'W]-W{ + W]-ZWl” + WjW]{’Wl) +
i(—v = 2a;kik;, + ke Bjw} + kyywi)w) = 0 9)
where j = 1,2 and [ = 3 — j, using the balancing principle we get
W] =Ww

ko (B +vy)w} + 2k (85 + 07) (wy (w))” + wiw)’) 4+ i(—v -

2ajk; ky + ki (B; +v;)wf)wj =0, (10)

separating the real and the imaginary portions yields
—(u+ gk)w; + a;kiw] + (b + ¢ + dIwF — k,(B; +v)wP +

2k7(8; + 0y) (w;(w))? + wiw/) = 0 (1)
—v —2a;kik; + k(B + y])W] =0, (12)
from (12) the velocity of the soliton solution is

v =2ajkyky, (13)

and we deduce the condition §; = —y;. So equation (11) reduce to

AW+ @@ pw) + ag W)+ aa,) W w)? +wiw) =0
(14)

Where

aup =~ +aky), agj = aki,

Application of the extended trial equation scheme

Assuming the solution for the given nonlinear partial differential

equation of the form

p; =Y Ajul, =12, (15)
where _
W)? = T(w) = 2 = Lot (16)

Y(u)  EP gt
where 4;, x;, A;; are constants and A, x,, Ay, are non-zero.
Equation (15) can be written as

— Y(u
@)= == [oudu (17)
The balancing principle applied to (14) implies
T=p+2N+2, (18)

Assuming p = 0 and N = 1 we get T = 4 consequently from (15)
we have

(p] = AO,j + Al_ju, . (19)
((p]{)Z = M’ (20)
Xo
"o_ (AI])ZL % ui=t
/e (21)

where 4, # 0 and y, # 0. Substituting Egs. (19) — (21) into Eaq.
(14), we obtain a system of algebraic equations, solving the system,
we get:

Agj = A js Xo = Xo» 1= AG;D, — ajk3

4V343 ;a2 x,D3 y1

/10 = y
9kZDy (Dy( y2 )

1= 2Apjaj(bj+c;+d;j)(Ag jajxo(bj+c;+d;))

1 — = 1

3k2D, y
! 2

1, =— gAé,onDlDz_anoDz

2 6k3D? '

Xo y2

Ay =——7=

3 12a;k2D?’

2
Xo y2

A=

* 7 7 4842 a?kiD}D,’

3k2D; A,
Ay =t -0
- XoD2

where D; = (6, + g;), D, = (b + ¢; + d),

Ds = (8 + 0?), Dy = (8} +07).
y1=\/—D2(24Ab,jD3_aj +9onj J.Dl+48ﬁéj5].o-j)_
60\/§Aéjk12 D4 _180\/§Aiik125jai D1

y,= 48A; D, —3a] +16A) ;a,D, +96A; 5,0

—120A; k’D, —360A; k’S,0,D,
Substitute into (16) and (17) We get
t({—-{) =0 f m (22)

Ai

where Q = \/i{:j r(w) =3Yt, A—u"

Therefore the solutions to Eq.(2) are:
When T'(u) = (u —9,)*

P(xt) = (A01 +4;.0: % 4110 )
! ’ _klx_zalklkzt_qo
ei(—k2x+ut+k3)' (23)
A1 ,0Q
) =1A A9, - )
(x, t) ( 02t A1V leox — 2ayk kyt — 0
ei(—k2x+,ut+k3)l (24)
WhenT(u) = (u—9,)3(u—19,), and9, >9;
Y, 0) = (AO,l +4;.0: +
4411Q*(W2—91)
4Q%-[(91—-92) (kyx—2a1k;kat—{p)]?

o(x,t) = (Ao,z + 41,0, +
4412Q*(W,—91)
4Q%—[(9,—07) (kg x—2azk; kyt—{o)]?

When (u — 9;)?(u — 9,)?
Y(x,t) = (Ag1 + 4119, +
DM14,(9:-9,)
eXp((ﬂl ﬂz)(k1x_2a1k1k2t_{o))_1
o(x, t) (A2 + A0, +
DM141,(91-9,)
exl»’((ﬂ1 ﬂz)(k1x_2a2k1k2t_{o))_1
Where L=12.
When T= (u—19,)%w—9)u—-1>9;) , and 9; > 19, >0,
,ll}(x, t) = (Ao'l + A1'1191 - 2A1,1(191_192)(191_193)

k1 (191*192)(191*193)))
Q(kyx—2aikykat)

)el( k2x+ut+k3) (25)

)el( k2x+ut+k3) (26)

)ei(—k2x+ut+k3)' (27)

)ei(—k2x+ut+k3)' (28)

291 -9,—93+(93-9;) cosh(
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er(i(=k_2 x + ut + k_3)), (29) as
d(x,t) = (Ao + A1 20 — — ( Dy ) i(—kyx+put+ks)
“LZ“’f”;’“Zf’Zﬂ . pi(—koxtpttics) (30) Y(xt) = JCy+tanh2(By (k,x—2a1k; Kz b)) er * (43)
k1 (91-92)(¥1-93
20, =9, ~03-+(85=8)cosh (LTI k, x2a, e e ) b, t) = ( D, ) pil-kartut+hy) (44)
When T'=(u—-9)u—-9)u—-9)u—-49,), andd; >9,> VC+tanh?(By (kyx—2ayk kyt))

Y5 > 9,
Ylx,t) = (A, +A1,9, +

241,1 (91=92) (94—92)

91-093)([I2-0.
(91 ;22( 2 4)(k1x—2a1k1sz—{n)rm)

ei(—k2x+ut+k3)’ (31)
94=0+(81-0)sn?(+
d(x,t) = (Aoz + 410, +
241,2(91-9)(4—02)
93)(92-94)
2Q

ei(—k2x+ut+k3)‘ (32)

040+ (93— Og)sn? (+L1= (kyx=2a5kkat~Go),m)

Where m?2 = $2=%)01-%)
e = 6,=0,)0,-9,)
Not that9d; fori=1,...,4 aretheroot of I'(w) = 0.
When 4, ; = —4, ;9; and {, =0, the solutions (23) — (32) are

reduced to the following plane wave solutions

— A11Q i(=kyx+ut+ks)
Yt = (£ klx—Zalklth)e ’ 3’ (33)
— A12Q i(=kyx+ut+ks)
o(x,t) = (= PR ya— X_Zazklk%t)e 2 3), (34)
441,Q%(92—Y,) i(—kyx+ut+ks)
V@0 = Gomie,—opmrzakior (35)
B(x,t) = ( 4A;,Q2(9,-9;) )ei(—kzx+ut+k3)‘ (36)

4Q2—[(91—92) (k1 x—2a3k,k,t)]?
singular soliton solutions

Yo = (= g F coth (P22 (Jeyx —
2a, k,kot))))elhextuttks) (37
¢(X t) — (A1z(192 Y1) (1 F COth((ﬁlz_QﬁZ) (klx _
2a2k1k2t))))e‘( k2x+ut+k3)‘ (38)
and bright soliton solutions
— b i(—kyx+ut+ks)
Y(x,6) <\/C+cosh(B(k1x—2a1k1k2t)))e 3‘ (39)
— D i(—kyx+ut+ks)
P 1) <\/C+cosh(B(k1x—2a2k1k2t))) € ’ * (40)

where D = 2A1,j(191—192)(191—193), B = 1/(191—192)(191—193)’
©3-5,) o

L j=1.2.

2
The soliton's amplitude is provided by D where the inverse width of
the soliton is provided by B. These solutions exists for 4, ; < 0.
Furthermore, when

Ao j=—A1; and { =0, Jacobi’s elliptic function solutions
(31),(32) are written as

— Dy i(—kyx+ut+ks)
LD <\/C1+5n2 (BL (klx_zalklkzt))> ¢ ’ o (41)

Dy ) ei(—kpx+pt+ks) (42)
JCi+sn2(By(kix—2a5k k,t)) !

Aqi(91=9,) (9,9
where D, = ,71,,( 1(191_239;4 2

— L\/f —
B, = (G)) (1912 93) (9, 194)7 C, = 21;94_1";92Y L=12

Remark-1: When m — 1, singular optical soliton solutions obtained

#60) = (

where 95 = 9,.
Remark-2: When m — 0, periodic singular solutions obtained as

— Dy i(—kyx+ut+ks)

Y(x. ) (\/Cl+sin2(BL(klx—Zalklth))) er * (45)
- Dy i(—kyx+ut+ks)

¢(X, t) (JC1+sin2(BL(klx—ZaZklth))) € ’ ) (46)

where 9, = 9;.

Conclusion

The coupled system corresponds to Gl equation with FWM in

birefringent fibres was considered on account of acquiring optical

soliton solutions. Bright and singular soliton solutions were

presented by the proposed method. Additional solutions which are

singular and singular-periodic soliton solutions were extracted using

the limiting of the modulus of ellipticity of the Jacobi’s elliptic

function.
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