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1. Introduction 
In this paper, we consider the second order nonlinear ordinary differential equation (ODE) of the form  

Where R are continuous 

functions and . g is a 

continuous function for , 

continuously differentiable and satisfies 

 and  for all . The 

function is a continuous function on RxR with 

 for all u  and 

for any  and H 

is a continuous function on ×R with 

 for all 0 and 

. Throughout this paper, we restrict our 

attention only to the solutions of the ODE (1.1) 

which exist on some ray . Such solution of 

the equation (1.1) is said to be oscillatory if it has 
an infinite number of zeros, and otherwise it is 
said to be non-oscillatory. 
  The ODE (1.1) is called oscillatory if all its 
solutions are oscillatory, and otherwise it is called 
non-oscillatory. The problem of finding oscillation 
criteria for second order nonlinear ordinary 
differential equations has received a great 
attention of many authors; see for example to [1-
15]. Kamenev [7] studied the equation 
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                                        (1.2) 

And proved that the condition 

 

for some integer ,is sufficient for the 

oscillation of the ODE (1.2). Yan [15] proved that if 

 

for some integer and there is a continuous 

function  on with 

 

where such that 

, 

 for every Then every solution of the ODE 

(1.2) oscillates.  Philos [11] improved Kamenev’s 
result [7] as follows: He supposed that there exist 
continuous functions 

R such that 

 for  and for 

 H has a continuous and non-positive 

partial derivative on D with respect to the second 
variable such that  

 

Then, equation (1.2) is oscillatory if   

 

Also, Philos [11] extended and improved Yan’s 
result [15] by proving that H and h as in above, 

moreover, supposed that 

 

 

and assume that  as in Yan’s result [15] with 

 

Then, equation (1.2) is oscillatory if 

In this paper, we continue in this direction the 
study of oscillatory properties of the ODE (1.1). 
The purpose of this paper is to improve and extend 
the above- mentioned results. Our results are more 
general than the previous results. 
 

2. MAIN RESULTS 
              We state and prove here our oscillation 
theorems 
Theorem2.1: Suppose that 

(1)      

 

(2)      

 Moreover, assume that there exist a differentiable 

function  and the continuous 

functions R, the 

H has a continuous and non-positive partial 
derivative on D with respect to the second variable 
such that  

 

 

If 

(3)         

where   

(4)  

     

Then, every solution of the ODE (1.1) is oscillatory. 

Proof 
      Without loss of generality, we assume that 
there exists a solution x(t) of the ODE (1.1) such 

that 

.We define the function  as     

 

 
 
 
This and (1.1) imply 
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Where  

Then by condition (1), we have for all  

 

 

Integrate the last inequality multiplied by  from T to t, we have 

 

 

Where   

Hence, we have 

 

    

 Then, for  , we have  

 

Dividing the last inequality by , taking the limit superior as  and by condition (3), we obtain  

which contradicts the condition (4) in theorem2.1.  Hence, the proof is completed. 
 

Example2.1  Consider the differential equation 

 
We have 
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 and 

 

Let  then, 

 

Taking  such that 

 

      All conditions of Theorem2.1 are satisfied, 
then, the given equation (2.2) is oscillatory. Also 
the numerical solutions of the given differential 

equation (2.2) are computed using the Runge 
Kutta method of the fourth order. We have 
        

with initial conditions  on 

the chosen interval  and  finding values of 

the functions  r, q and f  where we consider 

at t=1, n=500 and h= 0.198.

 
Table 1: Numerical solution of ODE (2.2) 

K tk x(tk) 

1 
2 
3 

4 
5 
6 
7 

. 

. 
14 
15 

16 
. 
. 

24 

25 
26 

1 
1.198 
1.396 

1.594 
1.792 
1.99 
2.188 

. 

. 
3.574 
3.772 

3.97 
. 
. 

5.554 

5.752 
5.95 

-1 
-0.8435 
-0.5933 

-0.2797 
0.0651 
0.4025 
0.6958 

. 

. 
-0.0124 
-0.3534 

-0.6553 
. 
. 

0.3033 

0.6133 
0.858 
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Figure1: Solution curve of ODE (2.2) 

 
Theorem2.2 
       Suppose, in addition to the conditions (1), (2) 
and (3) in theorem 2.1 hold that there exist 

continuous functions and Hare defined as in 

Theorem2.1 and suppose that  

(5)      

If there exists a continuous function  

such that
(6)     

  

for , where 

 k  is a positive 

constant and a differentiable function 

 
and  

(7)      

Where , then every solution 

of equation (1.1)  is oscillatory. 

Proof 
         Without loss of generality, we may assume 
that there exists a solution x(t) of equation (1.1) 

such that   for some 

 Dividing inequality (2.1) by

and taking the limit superior as  we obtain 

By condition (6), we get

 

 This shows that 

                                                                                             (2.3)
 

and 
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Hence, 

   

 
Define     

 

and  

 
Then, (2.4) becomes 

                         (2.5) 

Now, suppose that  

                                    (2.6)                                                                         

Then, by condition (5) we can easily see that 

                                              (2.7)                                                  

Let us consider a sequence in 

 and such that  

 

By inequality (2.5) there exists a constant N such 
that 

                                             

                  (2.8)                                                  

From inequality (2.7), we have 
                                                      

                              (2.9)  

And hence inequality (2.8) gives 

                        (2.10) 

By taking into account inequality (2.9), from 
inequality (2.8), we obtain 

 

Provided that n is sufficiently large. Thus  

, 

which by inequality (2.10) and inequality (2.9) we 
have 

                                        (2.11) 

On the other hand by Schwarz’s inequality, we have

Thus, we have             

for 

large n. 
By inequality (2.11), we have 

 

Consequently, 

 

which contradicts to the condition (3)  in 
Theorem2.1, Thus inequality (2.6) fails and hence  

 

,),(
)()(

2

1
)(

)()(

),(

),(

1
inflim

2

 











t

T
t

dsst
k

srs
s

srs

stkH

TtH







)4.2()(),(),(
),(

1
)(

)()(

),(

),(

1
inflim

),(
)()(

2

1
)(

)()(

),(

),(

1
inflim

0 0

0

0

2

0

2

0


























 







t

t

t

t
t

t

t
t

dssstHst
ttH

dss
srs

stkH

ttH

dsst
k

srs
s

srs

stkH

ttH










0

2

0

,)(
)()(

),(

),(

1
)(

0

ttdss
srs

stkH

ttH
tU

t

t

  


.,)(),(),(
),(

1
)( 0

0
0

ttdssstHst
ttH

tV

t

t

  

  .)()(inflim 


tVtU
t

.
)()(

)(

0

2





t

ds
srs

s





.)(lim 


tU
t

 
,...3,2,1nnT

  


n
n

Twitht lim,0

   .)()(inflim)()(lim tVtUTVTU
t

nn
n




,...3,2,1,)()(  nNTVTU nn

.)(lim 


n
n

TU

.)(lim 


n
n

TV

.
2

1

)()(

)(
1 

nn

n

TU

N

TU

TV

2

1

)(

)(


n

n

TU

TV

.
)(

)(
lim

2




n

n

n TU

TV

).(),(
)()(

),(

1

)(
)()(

),(

),(

1
),(

)()(

),(

1

)(),(),(
),(

1
)(

2

0

2

0

2

0

2

0

2

2

0

00

0

nn

T

tn

T

t

n

n

n

T

tn

n

T

t

n

n

n

TUdssT
k

srs

tTH

dss
ssr

sTkH

tTH
dssT

k

srs

tTH

dsssTHsT
tTH

TV

n

nn

n
































































dssT
k

srs

tTHTU

TV
n

T

tnn

n
n

),(
)()(

),(

1

)(

)( 2

0

2

0





.),()()(
),(

1
lim

1 2

0
0


dssTssr

tTHk
n

T

tn
n

n



 


t

t
t

dsstssr
ttH

0

,),()()(
),(

1
suplim 2

0



.
)()(

)(

0

2




t

ds
ssr

s







Some Oscillation Theorems for Second Order Nonlinear and Nonhomogeneous Differential…              Saad et  al.  

JOPAS Vol.18 No.  1 2019                                                                   71 

Hence from inequality (2.3), we have 

 

which, contradicts to the condition (7), hence the 

proof is completed. 
 

Example2.2
         Consider the following differential equation  

 

We note that ,  

 

We let  

thus for  

all . 

Taking  such that  

 

 

 

 

 

 
 

Set  , then  and       

 

        All conditions of Theorem2.2 are satisfied, 
thus, the given equation (2.12) is oscillatory. We 
also compute the numerical solutions of the given 
differential equation (2.12) using the Runge Kutta 
method of fourth order (RK4). We have 
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with initial conditions  on 

the chosen interval and finding values of 

the functions r, q and  f  where we consider 

at t=1, n=500  and h=0.198. 

      

Table 2: Numerical solution of ODE (2.12) 
K tk x(tk) 

1 
2 
3 
. 

. 
9 
10 
11 

. 

. 
28 
29 

30 
. 
. 

48 
49 
50 

1 
1.198 
1.396 

. 

. 
2.584 
2.782 
2.98 

. 

. 
6.346 
6.544 

6.742 
. 
. 

10.306 
10.504 
10.702 

-1 
-0.89 

-0.7673 
. 

. 
0.0081 
0.1378 
0.2674 

. 

. 
-0.1154 
-0.245 

-0.3746 
. 
. 

0.0579 
0.187 
0.316 

 

 
Figure2: Solution curve of ODE (2.12)

3. RESULTS AND DISCUSSOIN
       Through this paper, some oscillation criteria 
for solutions of a general ordinary differential of 
second order of the form (1.1) are presented. Our 
results are more general than the previous results 
as follows: 
1.  Theorem2.1 extends Kamenev’s result [7] and 
Philos’s result [10] who studied a special case of 

the equation (1.1) as 

and  

2. Results of Philos [10] and result of Kamenev [7] 
cannot applied to the given equation (2.2) in the 
example2.1. 
3. Theorem2.2 extends and improves results of 
Philos [11] and results of Yan [15] who studied the 

equation (1.1) as 

. 

4. In addition, results of Philos [11] and results of 
Yan [15] cannot be applied to the differential 

equation (2.12) in the example2.2. 
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