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1. Introduction
In this paper, we consider the second order nonlinear ordinary differential equation (ODE) of the form

(r(t)i(t)j +q(t)c1>[g(x(t»,r(t)i<t)j ~ H(tx(0) @)

Where r,qand p: [tO,OO)—) R are continuous
functions and r(t)>0 fort>t;>0. g is a

continuous function for Xe (— o0, oo),

continuously differentiable and satisfies
Xg(x) >0 and g'(X) >k >0 forall X#0. The
function @ is a continuous function on RxR with
u®(u,v) >0 for all uz0 and
d(Au, Av) = AD(U,V) for any A € (0,0) and H

is a continuous function on [to,oo)XR with

H(t, x(t))/g(x(t)) < p(t) for all X#0 and

t >1,. Throughout this paper, we restrict our
attention only to the solutions of the ODE (1.1)
which exist on some ray [to , oo). Such solution of

the equation (1.1) is said to be oscillatory if it has
an infinite number of zeros, and otherwise it is
said to be non-oscillatory.

The ODE (1.1) is called oscillatory if all its
solutions are oscillatory, and otherwise it is called
non-oscillatory. The problem of finding oscillation
criteria for second order nonlinear ordinary
differential equations has received a great
attention of many authors; see for example to [1-
15]. Kamenev [7] studied the equation
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X(t) + q(O)x(t) = 0 (1.2)

And proved that the condition

. 1 n-1
lim sup Fj(t—s) q(s) ds = oo,

for some integern > 3,is sufficient for the
oscillation of the ODE (1.2). Yan [15] proved that if

t
lim sup tnilj'(t—s)”’lq(s) ds < oo,
to

for some integerN > 3and there is a continuous

function QQ on [to,oo) with

jQi(s) ds= o
to

where Q, (t)=max {Q(t) , O}, t > t;such that
t

lim sup tnilj(t—s)”’lq(s) ds>Q(T),
to

for every T > t,.Then every solution of the ODE

(1.2) oscillates. Philos [11] improved Kamenev’s
result [7] as follows: He supposed that there exist
continuous functions

H,h:D = {(t,S)Zt >S> to}—)R such that

H(tt)=0
t>s=>t,.

partial derivative on D with respect to the second
variable such that

- %H(t,s) _ h(t,s)JH(s) for all (t,s) eD.

Then, equation (1.2) is oscillatory if
t
(H(t,s)q(s) —%hz(t,s)j ds= oo

Also, Philos [11] extended and improved Yan’s
result [15] by proving that H and h as in above,
moreover, supposed that

0 <inf IiminfM <o,
s>ty | t—w H t1t0)

fort>t, and H(t,s) > 0 for

H has a continuous and non-positive

limsup

el
t—w H(t’to) 5

limsup ——— [ h?%(t,s) ds< oo,
o H(, ) J

and assume that Q(t) as in Yan’s result [15] with
j Q2 (s)ds = .

tO
Then, equation (1.2) is oscillatory if

t
limsup ;I(H(t,s)q(s)—%hz(t,s)j ds>Q(T) for everyT > t,.

t—o0 (t’ ) T

In this paper, we continue in this direction the
study of oscillatory properties of the ODE (1.1).
The purpose of this paper is to improve and extend
the above- mentioned results. Our results are more
general than the previous results.

2. MAIN RESULTS

We state and prove here our oscillation
theorems
Theorem2.1: Suppose that

1 1
(1) <—,C, >0,
o@v) C,
20 q(t) >0 forallt >t,.
Moreover, assume that there exist a differentiable
function p: [to,oo) - (O, OO) and the continuous
functions h,H : D = {(t,s) t>s> to}—>R, the

H has a continuous and non-positive partial
derivative on D with respect to the second variable
such that

H(,t)=0 fort>t,,
_% H(t,s) =h(t,s)y/H(t,s) V(ts)eD.

This and (1.1) imply

H(t,s)>0 fort>sx>t,.

If

(3) !Lrgsup r(s)p(s) o’ (t,s)ds < o,

1
el
where o(t,8) =] h(t,s) - p( ),/H(t

(4)

limsup jH (t,$)p(5)(C,a(s) — p(s))ds = o=,
t—>o H( , 0)

Then, every solutlon of the ODE (1.1) is oscillatory.
Proof

Without loss of generality, we assume that
there exists a solution x(t) of the ODE (1.1) such

that  X(t)>0 on [T,) forsome T >t, >0
.We define the function @(t) as

POFM) X (1)

LT
o)

o(t) =
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am)SpmpG)/XD«D®0N0»+paf” A (1)

Where V(t) = w(t)/ p(t).
Then by condition (1), we have for all t >T

P o) - —K @), t=T

Co
a)(t) <pM)pt)-C,pM)q(t) + —= o(t) pOr()

Integrate the last inequality multiplied by H (t, S) from T to t, we have

j H (t,s) o(s)(C,a(s) — p(s))ds < H (t, T)a(T) — j {—% H(t, s)}a)(s)ds + j % H (t, s)w(s)ds

ckH(t,s)
Lo O
<H(t,T)eo(T) —H%wz(s) +o(t,s) JH, s)w(s)}ds

Where o(t,s)=h(t,s) — @,/H (t,s).
p(s)

Hence, we have

l H(t,5)p(s)(C,a(s) - p(s))ds < H (t, T)a(T) - l { /;(2)(:( 3@(3) +% /@aa,s)} ds

" j—ap(?;(s) 2(t, 5)ds 2.1

Then, for t >T , we have

j H (t,s)p(s) (Coq(s) - p(s))ds <H(@T)o(T) + 4—1k_t|‘ r(s)p(s)o’(t,s)ds,t>T

Dividing the last inequality by H (t,T), taking the limit superior ast — 00 and by condition (3), we obtain

limsu
t—>o pH( T)

j H (t,5) p(5)(Co0(s) — p(s))ds < o(T) + —nms up

H(t T)Ir(s)p(s)o- (t,s)ds <o,

which contradicts the condition (4) in theorem?2.1. Hence, the proof is completed.

Example2.1: Consider the differential equation

(i(t)/tzj.ﬂs () + 3X9ft) |2 X @cosx® g 2.2)
4x60)+(xa)A2j t

We have

JOPAS Vol.18 No. 1 2019 1
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_(+_c)\2
r(t)ztiz,q(t)=t5,g(x):x3, L;t H(t,s)=(t—-s)">0 Vt>s>t, >0, then,
a—H(t,s):—Z(t —s) and thus h(t,s) =—
S

3 3
(D(u,v):u+% and )
u° +v Taking p(t) =t° such that

H(t, x(t cos(x(t

(t, x(®) _ (7()) 1.

g(x(1) t

1§ 1 p(S)
1) limsu r(s)p(s)o?(t,s)ds=limsu r(s)p(s)| h(t,s) - H(t,s) | ds
(@) limsup (t'to)t{ (8)p(s) o (t,s)ds = lim pH(t,T)J ($)p(s) htts) =
1 ’
=limsu 2——t—s ds
s e 24 -9)
=— <o,
. 1
(2) !lmsup jH(t s) p(s)(C,q(s) - p(s))ds _Ilmsup( od j(t—s) ( 5) ds
> S
=0,

All conditions of Theorem?2.1 are satisfied, equation (2.2) are computed using the Runge
then, the given equation (2.2) is oscillatory. Also Kutta method of the fourth order. We have
the numerical solutions of the given differential

oo L] g
X0 = 16 x@),X(0) = @) costx(®) | (1) + —

4x°(t) +x (t)
. the functions 7, g and f where we consider
with initial conditions X(1)=-1, X(1)=0.5 on H(t, x) = f (t)1(X)at t=1, n=500 and h= 0.198.

the chosen interval [1,100] and finding values of

Table 1: Numerical solution of ODE (2.2)

K t X(tw)

1 1 -1

2 1.198 -0.8435
3 1.396 -0.5933
4 1.594 -0.2797
) 1.792 0.0651

6 1.99 0.4025
7 2.188 0.6958
14 3.574 -0.0124
15 3.772 -0.3534
16 3.97 -0.6553
24 5.554 0.3033
25 5.752 0.6133
26 5.95 0.858

- _ _ _ _________________________________________________________________________|
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Figurel: Solution curve of ODE (2.2)

el H(ES
Theorem2.2 5)  O<inf| liminf Hs) <o
Suppose, in addition to the conditions (1), (2) $2ty | t—0 H (t,to)
and (3) in theorem 2.1 hold that there exist . . '
continuous functions Nhand Hare defined as in If there exists a continuous function £2 0N [to ' OO)
Theorem?2.1 and suppose that such that
(6)
. 1§ 1 )
limsup H (t,5)p(5)(C,a(s) - P(s)) - (s)p(s) o (. 5) [ds = Q(T)
e H(ET) A 4K
Where Q, (t) = max{Q(t),O}, then every solution
for T2>t,, where of equation (1.1) is oscillatory.
. Proof
p(S) ) o Without loss of generality, we may assume
O-(t’ S) = h(t’ S) - E\/ H (t, S)! k is a positive that there exists a solution x(f) of equation (1.1)
P such that x(t) >0 on [T,oo) for some
constant and a differentiable function

T >t, 20. Dividing inequality (2.1) by H(t,T)

and taking the limit superior as t —> 00, we obtain

p:[to,oo)—>(0,oo) and
© QZ(S)
— = ds=o0

" e ®

imsup L | {H (t,5)0(8)(C,a(S) - p(s))—ﬁp(s)r(s)aza,s)}dss o(T)

—limsup

1 KH(t’S)a)(S)+1 p(S)r(s)
o D H(LT)

p(s)r(s) 2 k

1 kA s) 1 [p()r(s) i
Sw(T)—!Lrglan(t’T)I[ p(s)r(s)w(s)+§ Ta(t,s))} ds
By condition (6), we get
1 Y KAL) 1 [p(s)r(s) i
(T) = Q(T) + liminf H(t,T)ﬂ\/ p(s)r(s)w(s)+§VTG(t’s)} ds

This shows that

o(t, s)} ds

w(T)>Q(T) foreveryt>T, (2.3)

and
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liminf — - j[ KH(LS) o)+ L /MG(LS)} ds < oo,
STUHED 1V pere 2V K
oo > liminf ! j{/kH(t’s)w(s)+11/Mo‘(t,s)} ds
o= H(t) |V p(s)r(s) 2 k

Hence,

> liminf

t—>o

1 j kH(ts) -
H(t,t,); p(s)r(s)

Define
U(t) =

and

®®(s)ds,t >t

1 j KH (t, s)
H(tt,) ! p(s)r(s)

H(t, O)JU(t ,s)JH(t,s)o(s)ds, t>t,.

Then, (2.4) becomes
!iminf[U (t) +V (t)] < 0. (2.5)

Now, suppose that

0

2
(S
_[ # ds = . (2.6)
I p(e)r(s)
Then, by condition (5) we can easily see that

!imU(t) =0, 2.7)

Let us consider a sequence {Tn }n=1.2,3,...m

[tO,OO) with |ian = 0 and such that

nN—o0

limU (7, +V(T,)]= liminf[U @) +V (0)

On the other hand by Schwarz’s inequality, we have

H(,o)

j o(t,s)JH (t, s)w(s)ds} (2.4)

By inequality (2.5) there exists a constant N such
that

UT,)+V(T,)<N,n=123.. (2.8)

From inequality (2.7), we have

limU(T,)=co. (2.9)
nN—o0
And hence inequality (2.8) gives
limV(T,) =—o. (2.10)
n—oo

By taking into account inequality (2.9), from
inequality (2.8), we obtain

V(I') N 1

U (T.) U (T, ) 2
Provided that n is sufficiently large. Thus
V(T,) 1
_ < R — ,
u@,) 2

which by inequality (2.10) and inequality (2.9) we
have
ViT,)
lim——= =, (2.11)

= U(T,)

V2(T) = 1[ja(T s)YH(T,, s)a)(s)ds]

H(T,t,)

<

{H(I’n,t) k
H(I' ), Kk

Thus,wehave

Vi) jp(s)r(s) (T s)dstor

u(,) H(rn,t) k

large n.

By inequality (2.11), we have
T,

1.

= lim—————|r(s)p(s) o *(T,,s)ds=oo.
ke H(T, o) J
Consequently,

2O oy S)dSH 1 JkHcrn,s) :(5)ds

H(T,.t) ¢ r(s)p(s)

j/’(s)r(s) 2T s)dsxU (T.).

. 1
limsup jr(s)p(s)a (t,s)ds=
t—oo ( , 0)
which contradlcts to the condition (3) in
Theorem?2.1, Thus inequality (2.6) fails and hence
T ow(s
j O] ds <o

L r(s)p(s)
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Hence from inequality (2 3), we have which, contradicts to the condition (7), hence the
2 02(s proof is completed.
J‘ +( ) ds < J‘ ( ) ’
7 r(s)p(s) - 1(s) p(s) Example2.2
° Consider the following differential equation
X 1 x'% x?(t)sinx
Q +=(X"(t) + ®) 5) =~ (tz)s ®) >0 (2.12)
t t . (2(t) +1)
X (t) + 6 X(t)te
We note that I(t) L q(t) ! g(x) =x",®d(U,v) =u+ u® and
e note tha =—, =—, =X, V) = - -
t° t3 u™ +6v*®

H@Ex®) _ X2 (t)sin x(t) - X2 (t)
g(x(t)) x*®+)  (x*(®)+D)

<0=p(t) forallt>t,.

We let H(t,s)=(t—s)*> >0 forallt >s>t,, allt>t, >0.
thus % H(t,s) = —2(t—s) = h(t, $)yH (t, ) for Taking p(t) =6 such that
. 1 ) . 1 p(S)
limsup H(t’T)}[r(S)p(S)O' (t,s)ds=!LrDsupH(t’_l_)}[r(s)p(s) h(t,s)— \/H(T ds
. 01
:!Lrgsup(t_ 1—6 s=0< oo,

_ 2
infl liminf %) | inf| iminf L7 | —inf) =1,
s>ty | t—owo H(tt ) s>ty | t—o (t_to) s>ty

L]

thus 0 <inf| liminf &8) | _ o
s>ty | t—o H(t,to)

imsup-_ }[H(t $)p(5)(C,a(s) - p(s))—%a%t,s)}ds

t )2
= Iimsup#j[GC0 (t=s)" _6 }ds:3c° . 3
S

e H(T) g P ks’ T?  4T°
3C 3C All conditions of Theorem2.2 are satisfied,
Set Q(T ) = 0 0 and thus, the given equation (2.12) is oscillatory. We
4T 2 2 also compute the numerical solutions of the given
2 02 (S) 3C2 o differential equation (2.12) using the Runge Kutta
J + S= % |s?%ds = oo, method of fourth order (RK4). We have
1 1(s)p(s) 32 1
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X(®) = f (t,x(t), x(t)) =

with initial conditions X(1) =-1, X(1) =0.5 on
the chosen interval [1,100]and finding values of
Table 2: Numerical solution of ODE (2.12)

- x’(t)sinx _
x*(t)+1

X133 (t)

X125 () + 6(%(0)

the functions r, g and f where we consider
H(t,x) = f (t)I(X)at t=1, n=500 and h=0.198.

x'(t) +

K tx x(tx)
1 1 -1
2 1.198 -0.89
3 1.396 -0.7673
9 2.584 0.0081
10 2.782 0.1378
11 2.98 0.2674
28 6.346 -0.1154
29 6.544 -0.245
30 6.742 -0.3746
48 10.306 0.0579
49 10.504 0.187
50 10.702 0.316
1.5 T T T T T T T T T
1 =~ -
0.5 -
g o :
0.5
-1
1s : : : . : . : . :
o] 10 20 30 40 50 60 70 80 90 100
t
Figure2: Solution curve of ODE (2.12)
3. RESULTS AND DISCUSSOIN equation (1.1) as

Through this paper, some oscillation criteria
for solutions of a general ordinary differential of
second order of the form (1.1) are presented. Our
results are more general than the previous results
as follows:

1. Theorem?2.1 extends Kamenev’s result [7] and
Philos’s result [10] who studied a special case of

the equation (1.1) as r(t) =1,

D(g(X(t)),r(t) X(t)) = X(t) and H(t, x(t))=0.
2. Results of Philos [10] and result of Kamenev (7]
cannot applied to the given equation (2.2) in the
example2.1.

3. Theorem2.2 extends and improves results of
Philos [11] and results of Yan [15] who studied the

r(t) =1 o(g(x(t)),r(t) x(t)) = x(t) and H (t, x(t))=0.
4. In addition, results of Philos [11] and results of
Yan [15] cannot be applied to the differential
equation (2.12) in the example2.2.
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