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Keywords: ABSTRACT
Complete extended b,-metric Recently, extended b,-metric space has been used as a generalization of both b,-metric and extended
space b —metric spaces. The object of this study is to evidence some findings of fixed point and common fixed

continuous mapping point for mappings in the frame of extended b,-metric space, in addition, to generalizing some examples.

convergent sequence
extended b,-metric space

The outcomes of this study are to generalize and extend some existing findings in previous literature.
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1. Introduction
There are two fundamental concepts in functional analysis, which
stands the metric spaces and the fixed point.

Metric space is considered one of the essential topics that play a
good role in the development of the study of other types of spaces,
which contributed a distinguished part in the development of
functional analysis theories.

One of the most significant applications of metric spaces is the
investigation of theories of the existence and uniqueness of the fixed
point, which is considered one of the essential topics in mathematics
branches.

Furthermore, these theories play a significant role in demonstrating
the existence of solutions to different types of equations.

Over the last four decades, there have been significant contributions
to the development of the fixed-point theory, and widespread
research has attended on the extension metric space extensions and
the fixed points of several contractive type mappings. One of these
generalizations is the 2-metric space was developed by S. G ahler [1]
in the sixties as an extension of the metric space concept. Also, other
extensions of metric space such as, b-metric space[2], extended b-
metric space[3], and b,-metric space[4]. In these novel extensions.
Recently, the fourth condition of the definition of b2-metric space
was then amended in 2018 by Elmabrok and Alkaleeli [5], yielding

the extended b,-metric space as a novel generalization of b,-metric
space. Various contraction-type conditions were, used to demonstrate
some fixed point theorems (see [2-7], for instance). Concerning
the structure of extended b,-metric spaces, this study aims to extend
and generalize some of the findings of Aage..et.al.[8], which was
previously generalized by Alkaleeli.,et.al.[9] in the frame of b, -
metric space.

2. Preliminaries
This section retraces the definitions of several types

generalized metric spaces, along with some theorems and
properties of extended b,-metric spaces, that will be used later.

In the definitions that follow, Y represents in for a non-empty set.
Definition2.1[1]. A 2—metric space is known as a pair

(Y, ), where p: Y XY XY — [0, o) is a function that fulfils the

following requirements, for all y,7,v € Y.
1. Thereis ve Y,sothat p(y,z,0) %0

forany » =z e,
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2. Iftwoorall of y,7and v are equal, then
p(rzw)=0,

3. prrv) =p(rv,0) =p@,x ) =ptv,x) =
p, 1,0 =p@,7, %),
4. p(rtv) <p(ndv) +p(@,4v) + 0 xv),
forany { €Y.
Definition2.2[4] A b,—metric space space is known as a pair (Y, p
), where p: Y XY x Y — [0, o) is a function that fulfils the

following requirements, for all y,7,v € Y, and real number s > 1.

1. Thereis ve Y,sothat p(y,z,0) %0

foreach » =z e T,

2. Iftwoorall of y,7 and v are equal, then
p(zrw)=0,

3. ptv) =p(v,0) =p0,x 0 =p(v,x) =
p,x,1) =p,7, %),
4. prv) <slp(r.¢v) +p@ ) +p 1. V)],
forany { €Y.
Definition 2.3[5] Let @ : Y X Y X Y — [ 1, 00) be a mapping.
An extended b,—metric space is known as a pair (Y,p,),
whrer p, : Y XY XY — [0, ) is a function that fulfils
the following requirements for every y,t,v €Y.

1. Thereis v e Y, so that p, (x,7,v) # 0
foreach =7z <,

2. If two or all of y, 7 and vare equal, then p, (x, 7,v) = 0,
3.0, (0, T, 0) = pp (1,0, 7) = py (T, X, V) = py (7,0, 1) =
P, x,7T) = pu (v, 7, X),
4' p(p 0{! T, U) < (PQ(, {r U) [p(pO(' T, Z) + p(pO(' v, f) +
py(t,v,0)], forany ¢ €Y.
Remarks2.1 [6]
From the above definition we can deduce that:
1. Ife(yt,v) =s=1,anyextended b,-metric space
transforms into a b,-metric space. In other
words, an extended b,-metric is more general than
b, —metric(see [5-7]),
2. using condition (1), it readily verified that y = T,
if p,(x,7,v) = 0 forevery vey.

We have generalized some Examples.
Example 2.1[10]
Let Y =« , define p,: Y XY XY —[0,00), :Y X
Y XY - [1,0) by

Py (zzw) = {zzzrzﬂ)z, _ 2T VEX | yETED,
if at least two of y,z and v are equal.

with
o(rrw) = [zl +le +lof+1.
Obviously, (Y,p,) is an extended b,-metric space.
In fact, (1), (2), and (3) are so evident in Definition 2.3.
Therefore, we must still demonstrate that the fourth requirement of
definition 2.3 is fulfilled for each y,t,v,{ €Y.
i) If two orall of y,z and v are equal, then the fourth requirement
is clear,
ii) let ¥ = 7 # v, will be acquired the following cases:

case.l taking y = {, we receive

w(l,r,u)[pw(;(,r,{)erw(;g,u,{)er‘,,(r,u,{)]: (1 +\Z\+\r\+\u‘)[0+(§2+12+02)]
> (P +07+00)
= pw(;(,z‘,u).
The inequality is also valid in the situation of 7 = £, v = ¢.
case.2 taking y # ¢, 7 # ¢, v # £, we receive
o(z. r,v)[pm(;(, r,{)erw(Z,u,§)+pw(r,u,§)}: (1 +‘1‘+‘r‘+‘v‘)[2(;{2+12+Uz)+3§2}
> (P47t +0Y)
= p,(z.10).
Given the preceding situations, it emerges that (4) is valid. Asa
consequence, the claim is valid.

Example2.2[4,11]

Let 11 1
Y =<, yeen 0,1,
4 42 n }U{ }

define p,: Y XY XY —[0,00), ¢: Y XY XY - [1,00) by

if y=r=v,

p,(xzw) =

(lr+zu+ru)2,
(4

0, ifatleast two of y,z and v are equal.
With,
q;v(;(,z',u) = ¥ +7T +U + 3.
Obviously, (Y,p,) is an extended b,-metric space.
In fact, (1), (2), and (3) are so evident in Definition 2.3.
Therefore, we must still demonstrate that the fourth requirement of
definition 2.3 is fulfilled for each y,7,v,{ €Y.
i) If two orall of y,7 and v are equal, then the fourth requirement
is clear,
ii) let y =z # v, will be acquired the following cases:

case.l taking y = ¢, we obtain

pw(l’rvg):p¢(ly§,0)=0.

Therefore,

2
p,(x7.0)= (yr+yv+70)
< (;(H'+u+3)[0+0+(;{r+;{u+ru)2}
= (;(+r+u+3)[0+0+(§r+§u+ru)2}

= o(2.720) 2, (1.7.8)+p, (1.6 0) 42, (¢ 70) .
The inequality is also valid in the situation of 7 = ¢,0 =¢.
case.2 taking y # ¢, 7 # ¢, v # £, we have
(xr+yv+ro)<(gr+pl+78)+ (1 +yv+L0)+(CT+{v+TD).
Consequently,

(;(r+;(u+w)2 <[()(H—;((+r§)+(1§+lu+§u)+(§r+§u+ru)]z,

SS[(;{T+){C+T§)2+(l§+lu+§u)z+(§r+§u+ru)z],

S(l+z’+l}+3)[(;{f+;{¢+‘r§)2+(;{§+ZU+€U)Z+(¢Z’+§U+TU)2}.

Accordingly,

po(120)<0(120) 2, (1:2.6)+p, (1.6 0) 42, (6 70) |
Given the preceding situations, it emerges that (4) is valid. Asa
consequence, the claim is valid. Example2.3[6,11]
Let Y = [*(R). The funtion p,: Y XY XY — [0, )
described by

p
,D(po(r ‘L',U) = {Sull\:l) min{l)(‘r - T‘rl: |X‘r - Url: |Tr - Url}} b > 1;
T€l
withp : Y XY XY — [1,00) by

|Xr + Tr + Ur |
@(x,T,v) = sup

+3P71,
rEN|X1‘+TT+UT|+1
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foreach y = {y,},7 = {r,}, and v = {v,} €Y, is an extended b,-
metric on Y. (see[6], Example2.1).

Definition 2.4.[5] In an extended b, -metric space (Y,p,), the
sequence {x, }ren in Y is identified as
1. Convergentifandonlyif 3 y € Y, such that
Th_{g po(Xr x,v) = 0, foreveryv € Y.

The limit in this instance will be expressed as, lim y, =y,
Tr—00
2. Cauchy ifand only if

lim p(p()(r,)(q,v) =0,as, forallv eY.

g0
Note that: An extended b,-metric space is regarded as complete if
any Cauchy sequence in Y is a convergent.
Definition 2.5 [7] Let (Y,p,,) be an extended b,-metric space, and
let {x.}, {r,} sequences in Y such that for every y,7,v €Y,
lim py, (Ot 7r,0) = pp (1, T,0),

whenever,

}Ln;lo Po(Xr» x,v) =0, and rlgrg Py (T, T,v) = 0.
Accordingly, the extended b, — metric p,, is defined as continuous
onY3,

Remark2.2 An extended b,-metric p,, is generally not a
continuous function of its variables(see [7] Example 2.3, for
instance ).
Proposition 2.1[5] In an extended b, -metric space (Y, p,), if p,
a continuous function, then the following assertions hold:
i) The limit of converges sequence is unique,
ii) any subsequence of a sequence {y,-} that converges

to y inY, convergesto y aswell.

For more details related to the extended b, -metric spaces, one
may refer to [5-7].
Definition 2.6. [9,12] For two extended b,- metric spaces (Y, p1)
and (Y, p,). The mapping £: Y; — Y, isrenowned be
continuous at y € Y, if for any sequence {yx, }yey In
Y; convergent to y, then {L(x,) };en CONvergentto L (y), which
means that a mapping £ is continuous at y if and only if it is
sequentially continuous at y.

3. Main Results

This section illustrates the main findings within the framework of
extended b2-metric space.
As p,, is not always continuous, so across this section, we will
assume that p,, is a continued function.
Theorem 3.1 Let (Y, pq,) be complete extended b2-metric space.
The mapping £ : Y — Y, has a unique fixed pointin Y, if the
following achieve

i. L is continuous,

i pp2(L(), L)) < pupy Ot LGO,WIp (T, £(1),0)
+ 2P 0 LG, 0)py (T, L), V)
+is py (T, L(2),v)dg (7, LX), V)
+Hapyp O LD WP (1 LGOY), (31)
i lim o O Xev) <1
Where, y, Uz, s, g = 0 with max {uy, us} < 1, forall y,z,v €
Y.

Proof

Presume y, any elementin Y, and specify the iterative
sequence { x,}, as
Xr =LOq-1) =L (xo), T =12, ...
Presuming y, # xr+1,7=0,1,2,..., we obtain,
Po? Otrs Xrs1,0) = p” (LOtr—1), LOtr),0),
< 1P (-1, LOtr—1), V) Otrs L), @)
+ 1209 Ur—1, LOtr-1), V)P Otr, LOr—1), V)
+u3Pp Utrs LG, VI s L(r-1), @)
FuaPp Otr—1, LO), VI Ot LOtr-1), V),
= 1o A1, Xrs V)P Urs Xr 41, V),
Consequently,
P Xrs Xri1,V) < 1Py (r—1, X1 V),
< t1?0p r—2 Xr—1,V),
Continuing, we achieve
P e Xra1,0) < " P (o) X1, V), forevery veY.
For g > r, applying inquality(4) of definition2.3, we obtain
Po (X x000) < 0O X0 0) [P0 (X X Xr41) + P (X U Xrs1)
+ P W, Xrr Xr+1)]s
< @(tr xqov) 117 Pp Ctos 21, 0) + 117 Py (X0s X1, Xq) ]
+ 0 (X X9 V)Po (Xr41, X V),
< [0t xg V)™ + @ (A X V)0 (s X 0) 1™+ 0o +
(e 29 0) P (41 X V) - @ (Xg-20 Xqr V)P (Xg-1, X V)19 ]

(p(pO{OJXIIU) + p(p(XO:Xl:Xq)) ’

q-1 i
= Z pa' n o(xjs xq:v) | (Po(X0r X1, V)
j=r

i=r
+po(x0x124)),  (32)

We have, p,(xo, X1, xq) = 0 (See [6], Lemma2.1,page 693).
As a consequence, equation(3.2) turns into

q-1 i
p(p(XT'Xq!U)S Z#lin(p(le)(qiv) p(ﬂ(XOIXlIU)' (33)
i=r j=r

Giventhat, lim p; @(xr x4 v) < 1, utilizing ratio test for each
T,q—»oo

q € N, the series 2, 1 1521 (X, x4, v), converges. Let,
i

[oe]
3= Zulinq)(xj.xq.v).
i=1 j=1
r i
3 = Zuﬁnﬂx,»xq,v)-
i=1 j=1

Forany r,q € N, g > r, utilizing inequality equation (3.3)

with,

indicates,

Po(Xr X V) < P (Ko X1, V) [Sgo1 — Srea]. (34)
We infer that {,-} is a Cauchy sequence in Y by setting 7 — oo in
equation (3.4).
Given that Y is complete, so 3 y € Y, such that
Xr 2 X-
At the moment, we assert that y is a fixed point of £ .
Given that, y, — y, utilizing the continuity of £, and popestion
2.1(ii), we obtain
pp(LOD, xv) = Tim p, (L(X,), X, V)s
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= rlzir_)nmp¢O(T+1'X‘r'U) = pw()(r)(ru) = 0
Therefore, p,(L(x),x,v) =0 foreveryv €Y.

So, L(y) = x. Consequently, y is a fixed point of L.
To demonstrate the uniqueness: utilizing (iii), again for different
points, y and t, with L(¥) = y and £(7) = 7, we get,
0 # pp2 (0 T,) = P (L0, L(D),v),
<ty po (0 £(0), V) pp (T, LX), ),
= ta Pp? (0, T V).
Consequently, (1 —p4)py?(x,7,v) <0,gives py = 1.

That is an inconsistency to p, <1. So, y = .
That demonstrates y is unique.
Theorem 3.2. Let (Y, p(p) be complete extended b2-metric space.
The mappings £, S : Y — Y have a unique common fixed point
inY, if the following achieve

i) L,S are continuous,

ii) LS =SL, with L(x) < S(y),
i) pp* (LOO, L(0),0) < 11 pp (S0, LU0, v)py (S(7), L(7), v)
+2 pp (SO0, L0, v)py (S(0), LG, v)

+3 pu (S(), L(7), ) py (S (1), LOO, v) +

Ha Pp(SCX), L(7),v)py (S (D), L), V), (3:5)
iv) Jim (i xqv) <1
where iy, Uy, s,y =0 with max {u;,u,} < 1forall y,t,v €
Y.
Proof. Presume y, any element inY, given L(x) c S(x), we
can opt y; €Y so that,

L) =SUre), =012, ...
Since,
Pp(S(t11):5(x,12)0) = P (L(x,) £(,,)v)  forall we.
Therefore,
P (SOtr+1), SQtra2),v) = pp® (L0, LOtr41),0).
< 11 P (SGtr), L), 0P (S (1), LK 41), V)
+2 Pp(SQr), L), V)P (S (r41), L), v)
3 P (S Otre1)s LOra1) V)P (SCtr41), L), v)
+ 14 P (SCr), LOr41), V)P (SUtra1), LUt ),
= 11 Pp(S(tr ), S(r41), V)P (S Cna)s S (Xr42), 0.
Accordingly,
Po(SUr+1), SUr42), V) < 11 P (SGr), Sy 41, 0),
< 1120 (SQtr-1), S(Ctr), 0.

Continuing, we achieve

p<p(S(Xr+1)r SOtr42),0) < iy r+1p¢(S(X0)r S(x1),v) forevery v
€Y.
Forany q,r € N, g > r, we obtain that,

Pe (S(Xr)'s(xq)'v)
b (502)5(2):5Cx.0)) + 2 (502, ) 5Cx,00).0)

< ol2,)

+ pp(5Ce) 50t )v) |

TPy (S (x0), S(x1), S (xq))
< o(trxa @) |+ "pe(S(x0), S(x1),v)
+ Py (S(Xr+1)v S(Xq)' U),

<lo(rxgv)m ™+ (X v) (a1 X V) T+ -+
O(Ars X V)0 (Kr+1: Xqp V) - @(Kg-20 X V)0 (Xg-1, X o V)M T ]
(P, SG W) + p,, (SCo) ST, S(x))),

q-1 i
= Z#li o(xj X v) |Pp(S(x0), S(xa), v)
i=r j=r
+ Py (SG) S S(x)). (36)
We have,

P (Sxo,Sx1.5xq) < 0 (X0 X1, Xq) [P (S0, Sk1, SXq-1)
+00 (SXq-1,5Xq:SX0) + Py (Sxq-1,5Xq:Sx1)),
< (X0 X1 Xq) [P (Sx0, Sx1, Sxq-1) + 19 2Py (Sx0, Sx1,SX0) +
1172p,(Sx1,Sx2Sx1) 1,
= (X0, X1, Xq) P (SX0, Sx1, SXq-1)-
< (X0, 21, Xq) (X0, X1 Xq-1) P (SX0: Sx1, SXq-2),

q

< H‘p(XOr)fl:Xq—j+2) Py (X0, Sx1,Sx1),
j=2
=0.
S0, py(Sx0.Sx1,5xq) = 0.
As a consequence, equation (3.6) turns into
p(p(S()(r),S()(q),v)

q-1 i
<[ Dwt] Jotxav) |pps0 5. (37)

i=r Jj=r
In the same manner in equation(3.3), we infer that, {S(x;)}ren
isa Cauchy sequence in Y. Given that Y is complete. So there is
¥ € Ysuch that S(x,) - x.
Utilizing (ii) of Proposition 2.1, we infer

L) = SWzr+1) = x-
Given that SL = LS, utilizing the continuity of S, £, we obtain

£00 = £(Jim SG)) = lim £(5G)

= lim 5(2Gr) = 5 (Jim£6en) = 500
Consequently, L(y) = S(x).
At the moment, we assert that y is a fixed point of S.
Presuming that, S (y) # x. Therefore 3v €Y, so that
Py (SCO.XV) #0.
Utilizing (iii) we obtain,

0 # py”(S 00, x,v) = lim p, > (LCO, LX), V).
< ta P (SO0, 1, V).

Therefore, (1 —us)py?(S(X), x,v) <0, gives py > 1.
That is an inconsistency to u, < 1. Indicates that S(y) = x.

LO) =S(x)=x
Consequently, y is a common fixed point of £ and S.

Accordingly,
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To demonstrate the uniqueness: utilizing (iii), again for different
points, y and 7, with L(y) = S(x) = x and L(7) =S(7) =T,
indicates that y = .
That demonstrates y is unique.
Theorem 3.3 Let (Y, p,), be a complete extended b,-metric space.
The mappings £, S,F:Y — Y, have a unique common fixed point in
Y, if the following achieve
i) L,S and F are continuous mappings,
ii) LF = FL, SF = FS, with L(x) € F(x),SG&) < F(x),
iii) P (LD, $(D),v) <
ta Py (FQ0), L), v)py (F (1), S(7),v)
+ Ha Py (F (0, L), v)py (F (1), L), v)
13 0 (F (1), S(0), 0)py (F (1), L), v)
+ 4. (FOO, (@), 0)pp (F@, L0O,W), (39)
iv) Jim iy (e xgv) <1,
where pq, ty, s, iy =0 with max {u;,u,} < 1forall y,v,7 €
Y.
Proof. Presume y, any element in Y, by(ii) we can opt
X1, X2 €Y, so that

F(tzr+1) = LO2r), and F(xzr42) = S(2re1), 7=10,12,....
Therefore,

p¢2(FO(ZT+1): F(X2r42),0) = p(pz(LO(Zr)' SQzr+1),v).

< 1 P (F(2r ) F(2r 1) V)0 (F (t2r 1), F Qtar42), 0).
Accordingly, Po(F(t2rs1), F(X2r42),0) <
H1 Py (FCt2r), F(t2r41),v)
< 1120 (F(X2r-1), F (X2r ), 0).

Continuing, we achieve

Po(F Qt2rs1), F(ars2),v) < 1y TPy (F (xo), F(x1), v), for allv € Y.
Forany q,r € N, g > r, we obtain that,

Py (F(tr), F(?(q)'v)

q-1 i
< Zﬂlil_[(p()(jr)(qrv) P (F(X0), F(x1),@). (3.10)
i=r j=r

In the same manner in equation(3.3), we infer that, {F(x,)}ren
isa Cauchy sequence in Y. Given that Y is complete. So there is
X € Ysuchthat F(x,) - x.
Utilizing (ii) of Proposition 2.1, we infer

L(x2r) = FXar+1) 2 X and SCrare1) = F(X2r42) 2 X
Giventhat FL = LF, SF = FS, and by utilizing the continuity of
S, L, and F, we obtain
£00 = £(lim FGp) = lim £(FC2p),

= lim F(£(tar)) = F Qir{;zo{z»g = FQo).

Consequently, L(x) = F(x). INthé same approach, we
demonstrate that F(x) = S(x).
And so, L(y) = S(x) = F(y).
Presuming that, F (£L(x)) # L(x). Therefore 3v €Y, so that
Py (F (L), L(x),v) # 0. Utilizing (iii) we obtain,

(1 = 1a)pp® (F(LON), LO),v) <0,
That is an inconsistency to u, < 1. Indicates that F(L(x)) = L(x).
Accordingly, F(L(x)) = L(L()) = S(LX)) = L(X).
Consequently, L(x) is a common fixed point of £,S and F.

gives p, = 1.

Condition(iii) directly leads to uniqueness.

4. Discussion
In this section, the related findings debated in
relation with previous ensues in the literature, and we
obtain the following:
i) If uy, p3 = 0,and all other conditions
remain the same as in Theorem 3.1
(analogously, in Theorem 3.2 and 3.3),
then Theorem 3.1 (analogously, in
Theorem 3.2 and 3.3) remains viable,
ii) the corresponding findings of Alkaleeli.,et.al.[9]
in the frame of b, -metric space, by letting
(T, v) =s=1, constant with y;s<1 in
Theorem 3.1 (analogously, in Theorem 3.2),
iiij)  the corresponding findings of Aage.,et.al.[8]
in the frame of 2-metric space, by letting
@(x,7,v) = 1 in Theorem 3.1 (analogously, in
Theorem 3.2 and 3.3).

5. Conclusion

The current study aimed to investigate the existence and uniqueness
of common fixed points using a novel concept to distance, known
as extended b,-metric space, which Elmabrouk and Alkaleeli [5]
most recently established. This concept is more general than the 2-
metric and b, -metric. The main results of this study are to
generalize the corresponding ones in the previous publications
achieved by Aage.,et.al. [9]. Numerous researchers in this field
may be motivated through this study to investigate other theories
in extended b,-metric spaces.
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