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 A B S T R A C T 

In this paper, we present the concepts of the upper and lower approximations of Anti-rough subgroups, 
Anti-rough subsemigroups, and homeomorphisms of Anti-Rough anti-semigroups in approximation 

spaces. Specify the concepts of rough in Finite anti-groups of types (4) are studies. Moreover, some 
properties of approximations and these algebraic structures are introduced. In addition, we give the 
definition of homomorphism anti-group. 

 

 الغموض في شبه الزمرة المضادة

 نجاح عبدالقادر بوسيف*فرج أرخيص عبدالنبي و أحمد أبراهيم المبروك أشليتيتب و 

 ليبيا قسم الرياضيات، كلية العلوم، جامعة ـجدابيا، أجدابيا،

 

1-Introduction 
Pawlak [1] 1982 introduced the concept of the rough set theory as a 

new and good tool for modeling in an information system. This 

theory has prompted many types of interest by many researchers. It 

has developed amazingly in pure mathematics. Some authors have 

studied the algebraic structures of rough sets such as Bonikowaski 

[2], Iwinski [3], and Pomykala and Pomykala [4]. Miao et al.[5] have 

improved the rough group and rough subgroup and considered some 

properties. In 1994, Biswas and Nanda [6] introduced the definition 

of a rough group depending on the upper approximate, not on the 

lower approximation. B.Davvaz in [7], studied the concept of rough 

subring with respect to an ideal. Yao in [8] considered the concepts 

of lower and upper approximations on the lattice. In addition, some 

properties of the lower and the upper approximations with respect to 

the normal subgroups studied in [9]. The concepts of rough set theory 

build on lower and upper approximations. The upper approximation 

of a given set is the union of all the equivalence classes that are 

subsets of the set, and the upper approximation is the union of all the 

equivalence classes that are intersection with a non-empty set. The 

main purpose of this paper is to introduce rough anti-semigroups of 

Finite anti-groups of types (4). In addition, some properties of 

approximations of these algebraic structures are introduced. 

Moreover, the notion of Anti-Rough semigroups was introduced. 

However, our definition of rough anti-semigroup is similar to the 

definition of rough groups.  

 

2-Preliminaries 

In this section, the most important concepts of rough set theory 

needed for this research are presented.  

Suppose that    an equivalence relation on a universe set 

𝑈 (, 𝑓𝑖𝑛𝑖𝑡𝑒) . The pair (𝑈,) is called an approximation space. The 

family of all equivalent classes [𝑥] denotes by𝑈/.For any\𝑀 𝑈, 

write 𝑀𝑐 to denote the complementation of M in U. 

Definition 2.1: Let (𝑈,) be an approximation space. Define the 

upper approximation of M by 𝑀̅̅ ̅̅ = {𝑥 ∈ 𝑈: [𝑥] ∩ 𝑀 ≠ ∅} and the 

lower approximation of M by 

𝑀 = {𝑥 ∈ 𝑈: [𝑥]𝑀}. The difference 𝐵𝑀 = 𝑀̅̅ ̅̅ − 𝑀 is called 

the boundary. If 𝐵𝑀 = ∅ , we say M is an exact (crisp)  set otherwise, 

M is a Rough set ( inexact). 

Preposition 2-1: Let (𝑈,) be an approximation space and  𝑋, 𝑌𝑈, 

we have: 

1) 𝑋 ⊆ 𝑋 ⊆ 𝑋 ̅̅̅̅̅; 

2) ∅ = ∅ ̅̅ ̅̅ ,𝑈 = 𝑈 ̅̅ ̅̅̅,  

3)  (𝑋 ∪ 𝑌) ⊇ (𝑋) ∪ (𝑌),  
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4) (𝑋 ∩ 𝑌) =  (𝑋) ∩ (𝑌),  

5) (𝑋 ∪ 𝑌)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = (𝑋)̅̅ ̅̅ ̅̅ ∪ (𝑌)̅̅ ̅̅ ̅̅  . 

6) (𝑋 ∩ 𝑌)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ⊆ (𝑋)̅̅ ̅̅ ̅̅ ∩ (𝑌)̅̅ ̅̅ ̅̅  . 

7) 𝑋𝐶  ̅̅ ̅̅ ̅̅ =  ( 𝑋)
𝑐
.𝑋𝐶 = (𝑋 ̅̅̅̅̅)𝑐. 

8)  ( 𝑋) = (𝑋)̅̅ ̅̅ ̅̅ ̅̅ =  𝑋.  – 

9) ( ( 𝑋)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ =  ( 𝑋) =  𝑋 ̅̅̅̅̅. 

Proposition 2-2 [8] Let (𝑈, 𝑅) be an approximation space. Let X and 

Y be nonempty subsets of U. Then 

1) 𝑋 ̅̅̅̅̅ 𝑌 ̅̅ ̅̅ = 𝑋Y ̅̅ ̅̅ ̅̅ . 

2) 𝑋 𝑌 𝑋𝑌. 

 

Definition 2.2[10]. Suppose that G is a nonempty set. 

 Let  * : ℛ× ℛ → ℛ be binary operations defined on G. The  (G,*.) is 

called a group if satisfy the following conditions: 

C1: For all x, y ∈ G, x*y ∈ G ;  

C2: For all x, y, z ∈ G , 𝑥 ∗ (𝑦 ∗ 𝑧)  =  (𝑥 ∗ 𝑦)  ∗ 𝑧 ;  

C3: For all x ∈ G , there exists e ∈ G such that 𝑥 ∗ 𝑒 =  𝑒 ∗ 𝑥 =  𝑥; 

C4: For all x ∈ G, there exists −x ∈ G such that 𝑥 ∗ (−𝑥)  =  (−𝑥)  ∗

𝑥 =  𝑒;  

If we have,  

C5: For all x, y ∈ G ,  𝑥 ∗ 𝑦 =  𝑦 ∗ 𝑥 , then ( G , *) is called a 

commutative group.  

 

Definition 2.3[10]. A semigroup S is an algebraic structure on a 

nonempty set together with an associative binary operation. That 

means, a semigroup is a set together with a binary operation “*” that 

satisfies C1,C2. 

Definition 2.4. A nonempty subset H of a semigroup S is said to be 

a subsemigroup of S, if 𝑎 ∗ 𝑏 ∈  𝐻 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈  𝑆. 

Definition 2.5. An anti-group 𝕮 is an alternative to the group G that 

has at least one anti-Law or at least one flowing conditions: 

 For all the duplets  (𝑥, 𝑦) ∈ ℭ, 𝑥 ∗ 𝑦 ℭ ; 

C7: For all the triplets  (𝑥, 𝑦, 𝑧) ∈ ℭ, 𝑥 ∗ (𝑦 ∗ 𝑧) ≠ (𝑥 ∗ 𝑦)  ∗ 𝑧;.  

C8:There does not exist an element e ∈ 𝕮 such that 𝑥 ∗  𝑒 =  𝑒 ∗

 𝑥 =  𝑥 ∀𝑥 ∈  ℭ. 

C9: There does not exist u ∈𝕮 such that  ∗  𝑢 =  𝑢 ∗  𝑥 =  𝑒 ∀𝑥 ∈

 ℭ . 

Definition 2.6. An anti- abelian-group 𝕮 is an alternative to the 

classical an abelian group G that has at least one Anti-Law or at least 

one of {C6, C7,C8, C9} and 

C10: For all the duplets (𝑥, 𝑦)  ∈  ℭ, 𝑥 ∗  𝑦 ≠  𝑦 ∗  𝑥. 

A particular class of Anti-groups (𝕮, ∗) where G4 is totally false for 

all the elements of 𝕮 while C1, C2, C3 and C5 are either partially 

true, partially indeterminate or partially false for some elements of 𝕮. 

Proposition 2.3. Let (𝕮, ∗) be an Anti- group of type-AG(4) and let 

𝑔, 𝑥, 𝑦 ∈  ℭ. Then  

1) 𝑔 ∗  𝑥 =  𝑔 ∗  𝑦 ⇏  𝑥 =  𝑦.  

2) 𝑥 ∗  𝑔 =  𝑦 ∗  𝑔 ⇏  𝑥 =  𝑦. 

Definition 2.9. Let (𝕮, ∗) be an anti-group of type-AG(4) and let 𝑨 

and 𝑩 be an anti-Subgroups of 𝕮. The set A∗B is defined by 𝐴 ∗ 𝐵 =

{𝑥 ∈∶ 𝑥 = ℎ ∗ 𝑘 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 ℎ ∈ 𝐴, 𝑘 ∈ 𝐵}. 

 

3-Roughness in Anti- semigroups  

In this section, the notions of rough anti-semigroup and rough sub 

semigroup on an approximation space are introduce and study some 

of its properties. 

Definition3-1.[8]Suppose that (𝑈,) is an approximation space and 

(*) be a binary operation defined on U. A subset 𝑨 of U is called a 

rough anti- semigroup on approximation space, provided the 

following properties are satisfied: 

1) For all 𝑥, 𝑦 ∈  𝐴, 𝑥 ∗  𝑦 ∈ 𝐴 ̅̅ ̅̅ ,  

2) For al𝑙 𝑥, 𝑦, 𝑧 ∈  𝐴, (𝑥 ∗  𝑦) ∗ 𝑧 =  𝑥 ∗ (𝑦 ∗ 𝑧) property holds 

in 𝐴. 

Example 3.1.  Let U = {1, 2, 3, 4, 5, 6} be a universe of discourse 

and 𝕮 = {1, 2,3,5} be a subset of U.  

 Let ∗ be a binary operation defined on 𝕮 as shown in the Cayley 

table below 

* 1 2 3 5 

1 4 1 3 5 

2 1 4 5 3 

3 2 1 6 5 

5 1 2 3 6 

 

It is evident from the above table that C1, C2, C3, C5 are either 

partially true or partially false with respect to ∗ but C4 is false for all 

the elements of 𝕮. Hence (𝕮, ∗) is a finite Anti-group of 𝕮. A 

classification of U is 𝑈/ =  {𝐸1, 𝐸2, 𝐸3}, 𝑤ℎ𝑒𝑟𝑒 𝐸1 =

 {1, 2, 3} , 𝐸2 =  {4, } , 𝐸3 =  {5} . 

 let 𝑨 = {1, 2, 5}, Let ∗ be defined on 𝑨 as shown in the Cayley tables 

below: 

* 1 2 5 

1 4 1 5 

2 1 4 3 

5 1 2 6 

  

 (e-6) 

It can easily be seen from the tables that 𝑨 is an anti-Subgroup of 

type-AG(4). 𝐴 ̅̅ ̅̅  = {1, 2, 3, 4} . From Definition 3-1, 𝑨 ⊆ U is a 

rough anti-semigroup. 

Definition 3-2. Suppose that (U, ) be an approximation space and 

(*) be a binary operation defined on U. Let 𝑨 be a rough Anti-

semigroup and H a nonempty subset of 𝑨. A nonempty subset H of a 

rough anti-semigroup 𝑨 is said to be a rough anti-subsemigroup of 𝑨, 

if a ∗ b ∈  𝐻̅̅ ̅̅  for all  a, b ∈  H, i. e. , HH ⊆ 𝐻 ̅̅ ̅̅̅. 

Example 3.2. Consider example 3-1. Let 𝑩= (𝕮, ∗) be the 𝑩= {2,3, 

5} a subset of 𝕮 and  ∗ be defined on 𝑩 as shown in the Cayley tables 

below:  

* 2 3 5 

2 4 5 3 

3 1 6 5 

5 2 3 6 

. 

 It can easily be seen from the tables that is an anti-Subgroup of 𝕮. 

𝐵 ̅̅̅̅̅ = {1, 2, 3, 5} . From Definition 3-1, 𝑩 ⊆ U. is a rough anti-

semigroup. 

Proposition 3-1.Suppose that (𝑈,) be an approximation space and 

(*) be a binary operation defined on U. Suppose that  A and B be two 

rough anti sub semigroups of the rough anti-semigroup 𝑨. Then 

(𝐴)̅̅ ̅̅ ̅̅ ∩  (𝐵)̅̅ ̅̅ ̅̅   (𝐴𝐵)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. 

A sufficient condition for intersection of two rough anti-sub 

semigroups of a rough anti-semigroup be a rough anti subsemigroup 

is (𝐴)̅̅ ̅̅ ̅̅ ∩ (𝐵)̅̅ ̅̅ ̅̅ = (𝐴𝐵)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. 

Example 3.3. Consider example 3.1 and 3. 2. 𝑨 = {1, 2, 5} and  = 

{2,3, 5}, then 𝑨𝑩 ={2,5} 

then 𝐴 ̅̅ ̅̅  = {1, 2, 3, 4} 𝐵 ̅̅̅̅̅ = {1, 2, 3, 5}= {{1, 2, 3},  (𝐴 𝐵) ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  = 

{1, 2, 3, 5}. 

 

4-Homomorphism of rough Anti-Group 

   Suppose that (𝕮, ∗) and (𝕭, ◦) be any two anti-groups of type-

AG(4). The mapping  𝜑 ∶  ℭ →  𝔅 is called an Anti-group 

Homomorphism if φ does not preserve the binary operations ∗ and ◦ 
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that is for all the duplet (𝑥, 𝑦)  ∈ ℭ, we have 𝜑(𝑥 ∗  𝑦)  ≠  𝜑(𝑥) ◦

 𝜑(𝑦). 

 The kernel of φ denoted by Kerφ is defined by  

Kerφ = {x : φ(x) = e𝕭 for at least one e𝕭 ∈ 𝕭} where e𝕭 is a 

NeutroNeutral Element in 𝕭. The image of φ denoted by Imφ is 

defined by Imφ = {y ∈  : y = φ(x) for some x ∈ 𝕮}.  

If in addition φ is an anti bijection, then φ is called an Anti-group 

Isomorphism. 

Suppose that Let (𝑈1,), (𝑈2,) be two approximation spaces, and 

(·)be binary operation over universes U1 and ,(◦) over universes U2 

Definition 4.1. Let 𝑨⊂U1 and 𝑩⊂U2 be rough anti-semigroups. If 

there exists a surjection ϕ : (𝐴)̅̅ ̅̅ ̅̅  → (𝐵)̅̅ ̅̅ ̅̅  such that  𝜙(𝑥 ·  𝑦)  =

 𝜙(𝑥)  ◦  𝜙(𝑦) for all x, y ∈  𝐴 ̅̅ ̅̅   then ϕ is called a rough 

homomorphism and 𝑨, 𝑩 are called rough homomorphic semigroups.   

Definition 4.2 Let 𝕮 ⊂ U1, 𝕭 ⊂ U2 be rough anti groups. If there 

exists a surjection ϕ : (ℭ)̅̅ ̅̅ ̅̅  → (𝔅)̅̅ ̅̅ ̅̅ ̅ such that ϕ(x · y) = ϕ(y) ◦ ϕ(x) 

for all x, y ∈  ℭ ̅̅ ̅̅   then ϕ is called a rough anti homomorphism. 

Proposition4.1. Let 𝕮 be a rough anti-group and φ1 be a rough anti-

homomorphism and φ2 be a rough homomorphism on 𝕮. Then the 

composition φ1oφ2 is a rough anti-homomorphism on 𝕮.  

Proof. Let 𝕮 be a rough anti-group and let φ1 be a rough anti-

homomorphism on 𝕮and φ2 be a rough homomorphism on 𝕮. Then 

φ1, φ2 : : (ℭ)̅̅ ̅̅ ̅̅  → (𝔅)̅̅ ̅̅ ̅̅ ̅ such that ∀x, y ∈ : (ℭ)̅̅ ̅̅ ̅̅ , φ1(x ∗ y) = φ1(y) 

∗ φ1(x) and φ(x ∗ y) = φ2(x) ∗ φ2(y) Now ∀ x, y ∈: (ℭ)̅̅ ̅̅ ̅̅   (φ1oφ2)(x 

∗ y) = φ1(φ2(x ∗ y)) = φ1(φ2(x) ∗ φ2(y)) = (φ1oφ2)(y) ∗ (φ1oφ2)(x) 

Therefore, φ1oφ2 is a rough anti-homomorphism on 𝕮. 

Proposition4.2.. Let 𝕮 be a rough anti-group and φ1 and φ2 be two 

rough anti-homomorphisms on 𝕮. Then the composition φ1oφ2 is a 

rough homomorphism on 𝕮. 

Proof. Let𝕮 be a rough anti-group and let φ1, φ2 be two rough anti-

homomorphisms on 𝕮. Then φ1, φ2 : (ℭ)̅̅ ̅̅ ̅̅  → (ℭ)̅̅ ̅̅ ̅̅  such that ∀x, y 

∈ (ℭ)̅̅ ̅̅ ̅̅   φ1(x ∗ y) = φ1(y) ∗ φ1(x) and φ2(x ∗ y) = φ2(y) ∗ φ2(x). 

Now ∀x, y ∈(ℭ)̅̅ ̅̅ ̅̅   (φ1oφ2)(x ∗ y) = φ1(φ2(x ∗ y)) = φ1(φ2(y) ∗ φ2(x)) 

= (φ1oφ2)(x) ∗ (φ1oφ2)(y) Therefore, φ1oφ2 is a rough 

homomorphism on 𝕮 . 

 

Conclusion  

The concepts of rough in Finite anti-groups of types (4) introduced 

in this paper. Moreover, some properties of approximations of these 

algebraic structures are studies and considers. However, the 

definition of homomorphism anti-group is given. 
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