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On Shehu Transform with Application of Solutions of Fractional Differential Equations
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This review article explains the Shehu transform as a tool used for solving linear differential equations
of fractional order, where the definition of the Caputo differential operator of order >0, is taken into
consideration. The transformation is used to convert Initial VValue Problems (I\VPs) of the fractional order
of Caputo sense into simple algebraic equations. Then the inverse of the transform is used to obtain the
analytical solution of the problem. We solved some illustrative examples.
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Introduction

Thelntegral transformations are successfully used as effective tools
for solving differential and integral equations [1]-, [2]-. Fractional
Differential Equations (FDEs) are an important topic due to their
application in modelling problems in many fields including
mechanics, electroanalytical chemistry, electrical circuits, and other
physical, chemical, biological, and economic aspects [3]-, [4]-, [5]-,
[6]-, [7]-. Due to their importance, researchers investigated many ideas
searching for solutions to FDEs. Some of these ideas involve integral
transformations such as Laplace and Sumudu transforms [8]-, [9]- that
are used to solve differential equations of fractional order in the form
of initial value problems (IVPs). Recently, the Shehu transform has
been derived from the classical Fourier integral transform as a
generalization of Laplace and Sumudu transforms [10]-. It is
successfully used to deal with fractional derivatives in the Caputo
sense [11]- that can be used to model various natural phenomena
involving fractional derivatives.

This work is considered as a review study of what was stated in the
literature. We focus on the definition and some properties of the Shehu
transform for derivatives in the Caputo sense. Shehu transform is
applied to IVVPs of Caputo derivatives of fractional order to convert
them into an algebraic equation. We used the transformation to obtain
analytical solutions of fractional models as I\VPs of fractional order by
applying the inverse fractional Shehu transform. The study supplied
illustrative examples.

Preliminaries
In this section, we introduce some basics that need to be well known
for proceeding in solving fractional differential equations.
Definition 1.
The function is defined as,

[oe]

Zn
E,(2) = ;m, a€C  Re(a)>0,

is called the Mittag-Leffler function. Further generalization of
Mittag-Leffler function is introduced as

E,p(z) = ;m @BEC, Re(@)>0, Re(B)>D0.

Definition 2.

If v(t), t > 0is a real function, then it said to be in the space C,, 1 €
R if there exists a real number p > u so that v(t) = tPh(t), where
h(t) € €([0,0)), and it is said to be in the space C}, if v(™ € C,,
neN

Definition 3.

The fractional derivative of f(t) in the Caputo sense is defined as
follows,

*Corresponding author:
E-mail addresses: f.bribesh@zu.edu.ly

Article History : Received 24 June 2023 - Received in revised form 22 September 2023 - Accepted 02 October 2023


file:///C:/Users/DELL/Google%20Drive/01العلوم%20البحثة%20و%20التطبيقية/23العدد%20الرابع%202021%20المؤتمر%20الرابع/CameraReadys%201-79/www.sebhau.edu.ly/journal/index.php/jopas
mailto:f.bribesh@zu.edu.ly

On Shehu Transform with Application of Solutions of Fractional Differential Equations

Bribesh

Cna _ n—-apn — 1 ft _ nyn—a-1,,(n)
D%v(t) =1 Dv(t)_r(n_a)o(t &) A
where n—1<a<n neN, vecCh.
Recently, Shehu Maitama Shehu [10]- introduced a new integral
transform. The transform is called Shehu transform, which is used in

solving ordinary and partial differential equations [3]-.

3
)

Definition 4. [10]-.

Shehu transform of the function v(t) of exponential order is defined
over the set of functions,

t
A= {v(t): AN,nq,1m, > 0,|v(t)] < Nexp (%),if t

€ (-D'x[o, oo)},
by the following integral

© st
S[(O)] = V(s u) = f exp (Ts)v(t)dt, £>0
0
@ —st
= lim exp (—) v(t)dt, s>0, u>0.
a—oo u

0
It converges if the limit of the integral exists, and diverges otherwise.
The Shehu inverse transform is given by

S_l[V(S, u)] = U(t), t=>0,
or
o) = SV (50
1 a+ico 1
=2m f —exp (%t) V(s,w) ds, @)

a—ioo
where s and u are the Shehu transform variables, and « is a real
constant, the integral in Eq.(4) is taken along s = « in the complex
plane s = x + iy.

Theorem 1. (The sufficient condition for the existence of Shehu
transform). If the function v(t) is piecewise continuous in every finite
interval 0 <t < f, and of exponential order a for t > §, then its
Shehu transform V (s, u) exists.

Proof: see [10]-.

Properties of Shehu transform:

1-  Shehu transform is a linear operator. If the functions av(t)
and Bw(t) be in the set A, then (av(t) + pw(t)) € 4,
where a and 8 are nonzero arbitrary constants, and

Slav(t) + pw(®)] = aS[v(D)] + FS[w(D)]. ©®)

Proof: Trivial

2-  Change of scale property of Shehu transform. Let the
function v(Bt) be in the set A, where £ is an arbitrary
constant. Then

slw(gol = 5V (7,u). (6)

Proof: see [10]-.

3-  Ifv™(t) is the n" derivative of the function v(t) € A
with respect to ¢, then its Shehu transform is given by the
formula

™)) == _
S[v n (t)] == V(s,u)

n—(k+1) (]
par1 G v (0).

4-  Suppose V(s,u) and W (s, u) are the Shehu transforms of
v(t) and w(t), respectively, both defined in the set A.
Then the Shehu transform of their convolution is given by
S[(v * w)(®)] = V(s,u) W(s,u), ®)
where the convolution of two functions is defined by

t t
W * WD) = f W(Ew(t — £)dé = f ot — Ew(E)dE.
0 0

5-  Some special Shehu transforms are

() = (g)l"(a +1).
n n+1

Theorem 2. Letn €N*and a >0 such thatn—1<a <nand
V(s,u) the Shehu transform of the function v(t). Then the Shehu
transform denoted by V7 (s, u) of the Caputo fractional derivative of
v(t) of order a is given by

n=0,1.2,..

s( CD“v(t)) =VE(s,u)

s
= u—aV(s, u)

T o a—(k+) ©
) POl
k=0

07
06 s
05 N

04

Fig. 1: Solutions v(t) of the linear fractional initial value
problem given by Eq. (10), where t is in the interval (0, 4],
for different values, o =

’ 50

[N
N =

IS

Proof: See [12]-.

Theorem 3. Ifa,f > 0,2 € R and |a| < Z—Z , then

1 ubsa-f
s% 4+ au®

> = tF1E, p(—at®).
Proof: See [12]-.
Discussion
In this section, we apply the Shehu transformation and its properties
to obtain the analytic solution of linear differential equations as IVPs.
We consider differentiations of order « > 0 that are defined in the
Caputo sense, within the use of the Shehu integral transform technique
and its inverse, we solve two examples of I\VPs of fractional order.
This method is considered an additional tool added to other
transformations that are used to find solutions to differential equations
of fractional order.
Example 1. Consider the linear fractional initial value problem given
as
Dv(t) + v(t) =0,
From Eqg. (9), we obtain
a a-1
s D v(®] = (2) vsw-(3) .
u Uu
Applying the Shehu transform on both sides of Eq.(10) yields

(2)“ V(s u) — (2)0‘_1 + Vgs, :_)1= 0

(@ +1)re0=@)"

S a-1 ua usa—l
Visu) = (ﬂ) (S“ + u“> TS us (1

Applying the Shehu inverse on both sides of Eq. (11) we obtain
v(t) = E,(—t%).

Some solution plots for several values a are shown in Figure 1.

Example 2. Consider the initial value problem (Bagley-Torvik

equation)

v(0) = 1. (10)
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D2u(t) + D *v(®) +v(t) =t+1, v(0)
=v'(0) = 1.
From the relation (7) we have

2 2
S0 (©)] = 5V (s5,1) == v(0) = v'(0) =

from Eq. (9), we obtain

(12)

s
V(s,u) - 1,

3/2 3 s\2
S[ CD3/2u(t)] V(s w) — (—) v(0) — (ﬂ) ' (0)
1 1
= —z”w) -G)-G)°
uz
also,
S[v()] = V(s,w),
u? u
S[t+1] == +—.
N N

Applying the Shehu transformation on both sides of Eq.(12) one ends
to

S\ 2 s §13/2 s % s —%
(E) V(s,u) — v 1+ (a) Vis,u)— (H) - (H) +V(s,u)
UNZ U
(2t
s s

Then solving for V (s, u), we obtain
(B +@) " +1)rew =) +5+3+14 )+ ()
() )" 1)y = (& + () +14CY)

V(s,u) = u_ + 5
By applying the Shehu inverse transform we get

-1
2

_ _qu?  u
STV(sw] =57 5+,
which yields
v(t) =1+t

Conclusion

This review article introduced the Shehu integral transform and some
of its properties. We found the transform is a useful tool to solve initial
value problems involving fractional order differentiations using the
Caputo definition. The transformation is applied to convert initial
value problems of fractional order into a simpler algebraic equation
that can be easily solved then an analytic solution is obtained by using
the inverse of the Shehu transform. With the use of the Shehu integral
transform technique, the obtained results in terms of elementary
mathematical functions agree well with those achieved using other
integral transforms such as Laplace Transform. Hence, the Shehu
transform is considered as an additional tool for solving continuous
dynamical systems of fractional order of Caputo type and it is closely
connected with the Sumudu transform.

Abbreviations and Acronyms
IVBs: Initial Value Problems.
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