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Abstract Uncertainty in mathematical models has been raised in the last period. It can be happened due to
insufficient knowledge about particular components of the model. Probability theory is a powerful tool can be
applied to treat many of these problems. In this work, the effects of randomness on the fish population model
are studied. The Gumbel distribution is chosen to explore the uncertainty in the model by considering the
initial population sizes and the harvesting parameter of the deterministic model as the located parameter of
the distribution. Discussion is given and the stability of the equilibrium points is studied. Furthermore, the
random behaviour of the population and its statistical properties are investigated and compared with the
deterministic behaviour.
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Introduction

Differential equations is a powerful tool for
modelling natural phenomena and explaining the
behavior of the changing in dynamic systems. It is
used to find out how the population changes over
time. In instance, the fish population in one of the
Great Lakes can be mathematically molded by
given birth, death, harvesting rates and the initial
population size. The parameters and the initial
population size are usually estimated as real
values. In reality, mathematical modelling
scenarios involve an inherent level of uncertainty.
It can happen due to insufficient knowledge about
components of the model and the proper values for
the parameters as well as the assumptions adopted
during the modelling process are not completely
true. In system theory, uncertainty is classically
treated in probabilistic form by the theory of
stochastic processes. Indeed, there are many ways
to incorporate randomness into quantitative and
qualitative modelling. In the literature, the effect of
randomness in mathematical models discussed by
[1-4]. The authors adopt different random
distributions and various approaches to introduce
the random uncertainty in the models. The effect of
considering the initial conditions of the models is
also investigated by [5-7] where the beta
distribution chosen to introduce the uncertainty in
SI and SIR epidemic models. The influence of
uncertain initial sizes of predator prey model by

treating the wuncertainty using the tools of
probability theory is investigated in [8, 9] and by
using the tools of the fuzzy set theory is studied in
[10, 11].

In this paper, Gumbel distribution is considered as
the initial fish population size and the harvesting
amount according to the case study. The influence
of the consideration is analytically explained in
some cases when the probability density function
of the random solution is obtained. Besides,
numerical simulation is carried out in other cases.
Deterministic model

The change of the fish population that lives in a
great lake can be described mathematically given
birth, death and harvesting rates, by using
differential equations as [12]

d_}t] = Birthrate — Death rate — Harvest rate (1)

Denoting the fish population by y(t), Birth rate
by by(t), death rate by (m + cy(t))y(t) and harvest

rate by H.
dy
T by(t) — (m + cy(®)y(t) — H (2)
Or
dy
Friakode cy?—H, y(ty) =yo 3

Where a=b—m and c¢ are nonnegative. Fish
immigration and emigration rates from rivers that
meet the lake are supposed cancel each other out.
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Three cases were assumed to study the population.
First, no overcrowding, that means c¢=0. The
equation (3) becomes as follows

dy
k=W H () =y 4)
The solution of equation (4) is
® = i + ( H) at 5
yO =—+{y-_)e Q)

The equilibrium point H/a is the solution of
equation (4) at y, = H/a. Otherwise the population
grows without bound or becomes extinct where
Yo > H/a and y, < H/a respectively. The extinct
time t* is
H 1/(1
t=In (H - ay(,) (6)

The second case, harvesting is not considered.
Then equation (3) becomes

Yy
oA cy?, y(to) = yo ™
Which has the solution
a
yt) = —————— ®
c+ (w) e-at
0

The points y = 0 and y = a/c are equilibrium where
the solution y = a/c seems to attract all other non-
constant solution curves.

The third case described by equation (3) where the
overcrowding and harvesting are taken into
account. The amount of the fish population over
time is

. a + gtan <% (2tan‘12<caq__%) - CIx)) .

Where q = V4cH — a?. The equilibriums of equation

(3) are

y=zici%\/a2—4cH (10$)
Where a? > 4cH.
Gumbel Distribution
The Gumbel distribution is perhaps the most
widely applied statistical distribution for problems
in engineering, it is the most common type of
Fisher-Tippett extreme value distributions. It is
useful in predicting the chance that an extreme
earthquake, flood or other natural disaster will
occur. The probability density function (PDF) is

— x—a
Exp [u—e B ]

p(x;a,p) = A an
The cumulative distribution function (CDF) is
X—a
c(x;a,B) = Exp [—e_(T)] (12)

Where, ¢ and S are the location and the scale
parameters respectively. This distribution is
selected in this study to be the initial fish
population size and the harvesting parameter. The
reason behind that is the symmetry of the
distribution that helps us to study the behaviour of
the population on the neighborhood of the crisp
values. Moreover, it is also useful when we consider
the parameters of the model may have minimum or
maximum extreme values.

Random Model

In the deterministic fish population mode the initial
state of the population and harvesting rate are
assumed to be non-negative number. Here, the
uncertainty is introduced in this model by

considering the intimal condition and harvesting
rate as random have particular distribution
function. The central location of the distribution is
set to be the crisp initial state and harvesting rate
of the deterministic model. The reason is to study
the behavior of the population beside these values.
In this study, the Gumbel distribution is chosen to
present the uncertainty in the model. By these
assumptions equations (3), (4) and (7) become

d

T =ay—cy’ —H, yt) =Y (13)
dy

E=ay—H, y(to) =Y, (14)
dy

W cy?, y(tp) =Y, (15)

Where Y, ~ Gumbella,f] and H ~ Gumbell[ay, B1],
where a,f,a; and f; are the parameters of the
chosen distribution. According to the new
assumptions and considering the three cases of the
deterministic model, the properties of the
distributions of the fish population over time and
the influence of the randomness will be discussed
in the following.
1. Harvesting and No Overcrowding
Given the random initial size Y, and a crisp
value H, and using transformation on (5) which is
linear, the distribution fish population y(t) over
time will also have the same type of the initial
distribution with new location (H + (aa — H) e*)/a
and new scale parameter e®f. The probability
density function of y(t) is defined over time given
by

P(y; t,a,[?,a,H)

H+ (ay — H)e ™ —aa
ap

1
=—|Exp |Ex,
B p[

ap

The effect of a location parameter is to shift a
distribution in one direction or another, while the
effect of the scale parameter on a distribution is
reflected in the shapes of the PDF. In terms of
studying the density (16), with a low H the behavior
of the random solution will unlimited grow.
Besides, the low population and high harvesting
the located and scale parameters of random
solution will end up to zero in short time. Fig. 1
illustrates that, the density curves corresponding
to the higher value of f have smaller tails than the
curves corresponding to the lower values of . That
means, the values is closer to the distribution
center for the smaller values of the scale
parameter. The expectation and the variance of
fishes can be found using the integration on (16)
which are the moments of Gumbel distribution. In
this case, the behaviors of the expectation and the
variance will exponentially increase over time if the

“(ay —H+e(H—a(a+
4L (@ e (H —ala “ﬁt)))” (16)
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fishing rate is slightly small or there is not fishing
(fishing rate equal zero).
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Fig.1: The PDF of the fish population at (t = 2,a =
1,H =5/3).

Fig. 2 and Fig. 3 show the curves of the moments
of the random solution for four different scale
values. Each of these curves has the same location,
where unlikely the expectation, the variance is
small for the small values of 8.
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Fig. 2: The expectations of the random solution
over time with four different scales (a = 1,H = 5/3).
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Fig. 3: The variances of the random solution over
time with four different scales (a = 1,H = 5/3).

In general, the random behavior of the fish
population will unboundedly grow if the initial
distribution is above the equilibria H/a. Otherwise
will soon end up with extinction. Equation (6) can
calculate the extinction time which is real. As the
effect of our considerations the extinction time will
be a range of values described by density function
as seen in Fig. 4.
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Fig. 4: The PDF of the extinction time for four
different 8. (a = 1,H = 5/3).

The behavior of the random solution of the fish
population will have the same scenario if we set
H ~ Gumbel[a,, B;] and Y, € R}. The reason behind
that is the random population model will not lost
the linearity over time.

2. Overcrowding and No Harvesting

When the harvesting term is dropped and the
overcrowding term is considered. The random
model will take the form of equation (14). Unless
the equation (8) is the solution of the problem (14),
it is not particularly easy to derive the density
probability function. So the numerical simulation
is needed to describe the random solution. The
approach that introduced in [13] is used to plot the
approximate random solution curve and its
statistical property. Fig. 5 shows the PDF of the
population for fixed location and four different
scale parameters. The verity of parameters is
chosen to examine the effect of closeness and
spacing of the values from the crisp value. We can
see that for lower B the population is close to the
located parameter and diverges when f increases.
In another word, the uncertainty is low for the
small value of §, and it is raised up for the high
vall,}_e_:'sr of B.
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Fig. 5: The PDF of the fish population at (t =2, ¢ =
1/12, a = 1).

The expected behavior will decrease over time when
the initial distribution is above the equilibria, and
it will increase if the distribution started slightly
under the equilibrium point. That means, the
random solution will attracted to the non-zero
equilibrium point a/c which is randomly stable.
(See Fig. 6).
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Fig. 6: The expectations of the random solution

over time for four different locations and scales (a =

1,c =1/12).

This fact can be concluded from the behavior of the
variance of the random solution which will
approach to zero as time goes up (see Fig 7).
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Fig. 7: The variances of the random solution for
four different locations and scales (a = 1,¢ = 1/12)).

3. Overcrowding and Harvesting

Including the external factor (harvesting) and the
internal control factor (overcrowding rate) in the
random fish population is described by the
equation (13). These consideration made the model
more complicated and closer to the reality. The
analytical solution of the deterministic fish model
is displayed by equation (9). In terms of the initial
fish population size is distributed as Gumbel
distribution and H € R}, the fish population will
randomly affected similar to the second case. The
random solution will attract to the wupper
equilibrium point that described in equation (10)
provided that the located and the scale parameters
ensure the distribution function of the initial fish
population is greater than the lower equilibrium
point. This scenario will happen with light
harvesting. In general, the random population
could be forced to extinction over time when
harvesting level is high or in the case the
distribution function of the population is lied under
the lower equilibrium point even the harvesting is
low. The more interested case when the initial fish
population and harvesting rate are both random
have particular Gumbel distribution functions. In
this case numerical simulation is carried out to
study the behavior of the fish population over time.
Fig. 8 displayed the curves of the expected values
of the population over time for different
transactions of the initial Gumbel distribution and
for H~Gumbel(5/3 ,0.1). The expectations are
approached to the equilibrium point as time
increases whether the located parameters are less
than or greater than the lower equilibria.

VT T T T

0 50 100 150 200 50

fimet

Fig. 8: The expectations of the random solution
over time for four different locations and scales (a =
1,c =1/12).

The second moments of the fish distributions over
time is presented in Fig. 9. The figure illustrates
that, for the high initial scale the curves will
decrease over time and then increase to fixed value.
Besides, the uncertainty is increased as time goes
up for some small initial values of scales and then

becomes fixed. Indeed, the distribution of the fish
population is also affected by the uncertainty in the
amount of the harvesting. Considering the
uncertainty in the fish population model allows us
to predict the earliest time at which the population
will reach the given equilibria. In addition, the
distribution of the population and the harvesting is
allowed us to determine the amount of the fish
population not as a real value but as a range of
values described by PDFs.
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Fig. 9: The variances of the random solution for
four different locations and scales (a = 1,¢ = 1/12).

Studying the behaviour of the fish population as
random model helps us to make clearer conclusion
on the situation of population size over time, than
studying the deterministic model. That is,
whenever the initial size or the number of
harvesting rate is, the changing of these values over
time are bounded and can easily described using
the PDFs and their statistical proprieties.

Conclusion
In the deterministic model, the initial condition and
the factors the used to build the model are often
assumed to be crisp values which is uncertain and
not accrued. In this paper, the uncertainty was
treated in the fish population model by assuming
the Gumbel distribution as the initial population
size and the harvesting rate. The influence of the
randomness on the behaviour of the population
was studied over time. The ways in which the
parameters of this initial Gumbel distribution
affect the expectation and the variance over time is
examined in the three cases. It found that, the
stable equilibrium points attracted the random
solution whatever the scale parameters provided
that the range of the initial distribution must lie in
specific domain. That means, the deterministic
stable point would be random stable. In those
cases, the expectation approached the equilibrium
points the when variance converged to zero. In
addition, introducing the uncertainty in the fish
model affected the extinction time which would be
uncertain described by probability density function
depends on the chosen of the parameters of the
initial size. In conclusion, the effect randomness is
made us deal with a range of value instead of crisp
value.
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