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Abstract Fuzzy topological space is said to be a fuzzy compact if every fuzzy open cover has finite sub cover.
The aim of this paper is to use fuzzy finite intersection property to prove some properties of fuzzy compactness.
Also, a continues image of fuzzy compact space is fuzzy compact is proven. some numerical examples are given
to illustrate the results.
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1. Introduction
Fuzzy set theory was discovered by Zadeh [1] in
1965. Three years later, Fuzzy topology is
introduced by Chang [2]. He gave the concept of
compact fuzzy topological spaces were first
introduced in the literature. Two results about
such spaces were proven, in terms of open covers.
This compactness is defined for any fuzzy subset
and has more advantages. compactness theory by
showing that the Tycho off Theorem is false for
infinite products. Moreover, Gartner et al
introduced several researches were conducted on
the generalizations of the notions of fuzzy sets and
fuzzy topology. As a result, it gradually has been
widely accepted. Based on this, a series of works.
Loewen [5] introduced fuzzy compactness strong
fuzzy compactness and ultra-fuzzy compactness,
Liu introduced Q-compactness [12,13] Wang and
Zhao introduced N-compactness [10], Although
Wong [8] treats compactness, his results are not
significant. Loewen [5] gives a different definition of
a compact fuzzy space and drastically alters the
definition of a fuzzy topological space the usual
definition of a fuzzy topology includes ordinary
topologies, but Loewen's definition of a fuzzy
topology excludes ordinary topologies, from being
fuzzy topologies and the aim to introduce a new
notion of proof that thermos of fuzzy compactness
in fuzzy topological spaces .In 2019 present a
softer-partition notion is presented and point out
this notion is sufficient for the equivalent among
the four types of soft pre-compact spaces and for
the equivalent among the four types of soft pre-
Lindell of spaces. They demonstrate the

relationships between enriched soft topological
spaces and the initiated spaces in different cases
and obtain interesting results. In this work, we use
the fuzzy finite intersection property as a necessary
and sufficient condition to prove the fuzzy
compactness. In addition, we show that the fuzzy
compactness is satisfied under fuzzy Continuity.
2. Preliminaries
In this section, we shall describe or, we Firstly,
present the fundamental definitions of fuzzy set
fuzzy topological space and fuzzy compact space.
Definition 2.1:
Let X be a non-empty set, a collection T of subsets
of X.T = {A: A € X}is said to be a topology on X if
i) XeT,0eT
(i) IfAi€T,vi€lthen UAIi€T
(i) IFAi€T,i=1..n then NA.L€TI[3].
Definition 22.2:
Let (X,Ty),(Y,T,) be two topological spaces, and f
a function from X to Y. Then we say that
a) f is continuous iff for every open set B in T,, we
have f~1 (B) is open setin T
b) f is open iff for any open set A in T, the set f (4)
is open set in T, [20]
Definition 2.4:
Let X be a non-empty set and let I be the unit
interval (i.e.,I = [0,1]). A fuzzy set A in X is a
function from X into the unit interval I.
i.e., up: X - [0,1].
A fuzzy set A in X can be represented by the set of
pairs,
A= {(6pa () - x € X)
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The family of all fuzzy sets in X is denoted by I¥
[15]
Definition 2.4:
Let A = {(x,pa (x)): x € X} and B = {(x,pup (x)):
x € X} be two fuzzy sets in X. Then their union 4 U
B, intersection A N B and complement A¢ are also
fuzzy sets with the membership functions defined
as follows:
(D) ueaupy ) = max {p 4(x),up (X)},Vx € X.
() Heangy () = min {40, wp (D},V X € X.
(i) pge (x) = 1 — pa(x),Vx € X.
Further
(@A € Biffua(x) < pp (x),Vx € X.
(b)A = Biff us (x) = up (X),Vx € X [16].
Definition 2.5:
A fuzzy topology on a set X is a collection T of fuzzy
sets in X satisfying:
(i) 0OeT and 1 €T
(ii) If A and B belong to T,then AABET
(iii) if A; belongs to T for each i € ] then so does
Here, A A B and V A;’ are defined by
(AA B)(x) = inf{A(x),B(x)}
VA; (x) = sup{d; (x):i € J}forx € X.
If T is a fuzzy topological on X, then the pair (X,T)
is called a fuzzy topological space. Member of T are
called fuzzy open sets. fuzzy sets of the forms 1 —
A , where A is fuzzy open set are called fuzzy closed
sets. [17]
Theorem 2.1:
Let A<Y <X .Then:
(i) If A is a fuzzy open setin Y and Y is a fuzzy open
set in X, then A is a fuzzy open set in X. (ii) If A is
a fuzzy closed set in Y and Y is a fuzzy closed set
in , then A is a fuzzy closed set in X [18]
Definition 2.6:
Let X and Y be two non-empty sets f:X =Y be
function. For a fuzzy set B in Y, the inverse image
of B under f is the fuzzy set f~!(B) in X with
membership function denoted by the rule:
f1(B)(x) = B(f(x)for x € X (i.e.,f~! (B) = Bof)
For a fuzzy set A in X, the image of A under f is the
fuzzy set f(A) in Y with membership function
f(A) ),y €Y defined by
pae) = (Pt B0
0 if 71N =0
Where £~ (y) = {x: f(x) = y} [14]
Definition 2.7:
Let (X,T;) and (Y, T,) be two fts and let
f: (Xr Tl) - (Y! TZ)
be a mapping. Then f is said to be fuzzy-
continuous (f- continuous) if f~*(B) € T;, For each
B € T,.[19]
Definition 2.8:
A family U of fuzz y sets is a cover of fuzzy set A if
and only if A <V {B;:B; € U,Vi € J}. It is called fuzzy
open cover if each member B; is fuzzy open set. A
subcover of U is a subfamily of U. which is also a
cover of A [13]
Definition 2.9:
Let (X, T) be a fuzzy topological space and let 4 € I*.
Then A is said to be a fuzzy compact set if for every
fuzzy open cover of 4 has a finite fuzzy sub cover of
A. If A =X, then X is called a fuzzy compact space
that is A; €T for every i €[ and VA; = 1,i € I, then

there are finitely many indices i =1,i_2,..,in€l
such that v;¢; 4; = 1. [14]
Theorem 2.2:
A fuzzy topological space (X,T) is fuzzy compact if
and only if for every collection {4;,i € J} of fuzzy
closed sets of X having the finite intersection
property,Aje; A; # 0. [14]
Theorem 2.3:
In any fuzzy space, the intersection of a fuzzy
compact set with a fuzzy closed set is fuzzy
compact. [14]
Theorem 2.4:
A fuzzy closed subset of a fuzzy compact space is
fuzzy compact. [13]
Theorem 2.5: Let f be a function from a set X
intoasetY.IfA,
A;,i € ] are fuzzy sets in X and if B, Bg,K € I are
fuzzy sets in Y,
then the following are true,
(i) f[f~* (B)] = B, when f is onto.
(i) FAA) <Af(A).
(iii) fF(VA) <V f(A).
(i) £~ Bx <A fL(BY).
(V) £ B <V fH(B).
(vii) FIf " (B) A A] = B A f(4). [19]

3. Main Results
Proposition 3.1:
A fuzzy space X is fuzzy compact iff any collection
of closed fuzzy sub sets of X has the finite
intersection property
Proof
Suppose that X is fuzzy compact.
Let {F,}(x€ J) be any collection of closed fuzzy sets
in X such that

Nej Fx = 0 31
Then
X=1_/\o(e] F°(=V°(E](1—F°() (3.2)
Therefore
{1-F}xe] (3.3)
is a fuzzy open set of X,
X=v(1-F,),i=12,.. (3.4)

Since X is a fuzzy compact space. Then there is a
finite fuzzy open sub cover

X=v(1-F,),i=12..,n (3.5)
X=1-ANF),i=12,..,n (3.6)
then ANF,=0,i=12,..,n

Conversely
suppose that {U,}(x€ J) is a fuzzy open cover of X.
Then {X — Uy} x€] is a collection of closed fuzzy
sets.
But X has the finite intersection property
Then AX — Uy, )=0,i=12,..
X —VUy =0.
X =VUyg ,
then X is fuzzy compact.
Example3.1:
Let X = {a,b,c} be a fuzzy set.
A ={(a,0),(b,04), (1)}
.F ={(a,1),(b,0.6),(c,0)}
collection of closed fuzzy set in X such that
AF=0.X=1-AF=v(1-F).
X=1-AF
~“AF=0
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Proposition 3.2:

A continuous image of a fuzzy compact space is
fuzzy compact

Proof:

Let f:X ->Y be continues map and X a fuzzy
compact space.

Suppose that {U },x€ ] is a fuzzy open set of

fX).

JACS) =Vey U« 3.7

then
X =f"1(VUyx€E]) (3.8)
X=Vf1(Ug) x€] (3.9)

Therefore, {f “1(U )}, x€ ] is a fuzzy open cover of
X. Then
X =V YUy Us,, . U, ) (3.10)

CfX)=fX) =Ug, VU, V..VU,, (311)
Thus, f(X) is fuzzy compact space.
Example 3.2:
Let X = {x1, %5, ..., x,} is a fuzzy compact. And let
mapping f:X — Y be an onto continues function.
let U ={0,Y} is an open cover of Y then

Y=vU..X=f1VU)=VfU) (3.12)
f is continues, then f~1(U) is an open cover of X.
But X is fuzzy compact then

X=F10)Vvf Y)Y =f(X)=0VY (3.13)
~ Y is a fuzzy compact space.
Remark 3.3
Loewen's, Chang..., strong fuzzy compactness and
ultra-fuzzy compactness of topological spaces are
extended to these notions as well. Introduce a new
notion of proof that thermos of fuzzy compactness
in fuzzy topological spaces. We recall the definition
of fuzzy set, fuzzy topological space and fuzzy
compactness.

Conclusions:

Since the fuzzy set allows us to represent fuzzy

concepts naturally, we find that the concept of the

fuzzy compact topology space. It is the application

of fuzzy sets as a generalization of the compact

topology, from which we construct and study two

generalizations of fuzzy compact topological spaces

with the help of illustrative examples and other

proofs, While the concepts presented in the paper

are necessary for further research and will open the

way to improve more applications on the fuzzy

topology.
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