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1. Introduction
Fuzzy set theory was discovered by Zadeh [1] in 
1965. Three years later, Fuzzy topology is 
introduced by Chang [2]. He gave the concept of 
compact fuzzy topological spaces were first 
introduced in the literature. Two results about 
such spaces were proven, in terms of open covers. 
This compactness is defined for any fuzzy subset 
and has more advantages. compactness theory by 
showing that the Tycho off Theorem is false for 
infinite products. Moreover, Gartner et al 
introduced several researches were conducted on 
the generalizations of the notions of fuzzy sets and 
fuzzy topology. As a result, it gradually has been 
widely accepted. Based on this, a series of works. 
Loewen [5] introduced fuzzy compactness strong 
fuzzy compactness and ultra-fuzzy compactness, 
Liu introduced Q-compactness [12,13] Wang and 
Zhao introduced N-compactness [10], Although 

Wong [8] treats compactness, his results are not 
significant. Loewen [5] gives a different definition of 
a compact fuzzy space and drastically alters the 
definition of a fuzzy topological space the usual 
definition of a fuzzy topology includes ordinary 

topologies, but Loewen's definition of a fuzzy 
topology excludes ordinary topologies, from being 
fuzzy topologies and the aim to introduce a new 
notion of proof that thermos of fuzzy compactness 
in fuzzy topological spaces .In 2019 present a 
softer-partition notion is presented and point out 
this notion is sufficient for the equivalent among 
the four types of soft pre-compact spaces and for 
the equivalent among the four types of soft pre-
Lindell of spaces. They demonstrate the 

relationships between enriched soft topological 
spaces and the initiated spaces in different cases 
and obtain interesting results. In this work, we use 
the fuzzy finite intersection property as a necessary 
and sufficient condition to prove the fuzzy 
compactness. In addition, we show that the fuzzy 
compactness is satisfied under fuzzy Continuity.     

2. Preliminaries 
In this section, we shall describe or, we Firstly, 
present the fundamental definitions of fuzzy set 
fuzzy topological space and fuzzy compact space. 

Definition 2.1:  
Let 𝑋 be a non-empty set, a collection 𝑇 of subsets 

of 𝑋.𝑇 = {𝐴: 𝐴 ⊆ 𝑋} is said to be a topology on 𝑋 if  
(i) 𝑋 ∈ 𝑇, ∅ ∈ 𝑇 

(ii) 𝐼𝑓 𝐴_𝑖 ∈ 𝑇 , ∀ 𝑖 ∈ 𝐼 𝑡ℎ𝑒𝑛 ∪ 𝐴_𝑖 ∈ 𝑇 
(iii) 𝐼𝐹 𝐴_𝑖 ∈ 𝑇, 𝑖 = 1 … 𝑛     𝑡ℎ𝑒𝑛  ∩ 𝐴_𝑖 ∈ 𝑇 [3]. 

Definition 22 .2:  
Let (𝑋 , 𝑇1), (𝑌 , 𝑇2 ) be two topological spaces, and 𝑓 
a function from 𝑋 to 𝑌. Then we say that 

a) 𝑓 is continuous iff for every open set 𝐵 in 𝑇2, we 

have 𝑓−1 (𝐵) is open set in 𝑇 

b) 𝑓 is open iff for any open set 𝐴 in 𝑇, the set 𝑓 (𝐴) 
is open set in 𝑇2 [20] 

Definition 2.4:  
Let 𝑋 be a non-empty set and let 𝐼 be the unit 

interval (𝑖. 𝑒. , 𝐼 =  [0,1]). A fuzzy set 𝐴 in 𝑋 is a 

function from 𝑋 into the unit interval 𝐼. 
𝑖. 𝑒. ,  𝜇𝐴: 𝑋 → [0,1]. 

A fuzzy set 𝐴 in 𝑋 can be represented by the set of 
pairs, 

𝐴 =  {(𝑥,  𝜇𝐴 (𝑥))  ∶  𝑥 ∈  𝑋} 
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The family of all fuzzy sets in 𝑋 is denoted by 𝐼𝑋  

[15] 

Definition 2.4:  
Let 𝐴 =  {(𝑥, µ𝐴 (𝑥)) ∶  𝑥 ∈  𝑋} and 𝐵 = {(𝑥, µ𝐵 (𝑥)) ∶
 𝑥 ∈  𝑋} be two fuzzy sets in 𝑋. Then their union 𝐴 ∪
 𝐵, intersection 𝐴 ∩  𝐵 and complement 𝐴𝐶 are also 

fuzzy sets with the membership functions defined 
as follows: 
 (𝑖) µ(𝐴∪𝐵) (𝑥)  =  𝑚𝑎𝑥 {µ 𝐴(𝑥), µ𝐵  (𝑥)}, ∀ 𝑥 ∈  𝑋. 

 (𝑖𝑖) µ(𝐴∩𝐵) (𝑥)  =  𝑚𝑖𝑛 {µ 𝐴(𝑥), µ𝐵 (𝑥)}, ∀ 𝑥 ∈  𝑋. 

 (𝑖𝑖𝑖) µ𝐴𝐶 ( 𝑥)  =  1 − µ 𝐴(𝑥), ∀ 𝑥 ∈  𝑋. 
 Further 
(𝑎) 𝐴 ⊆  𝐵 𝑖𝑓𝑓 µ𝐴 (𝑥)  ≤  µ𝐵 (𝑥), ∀ 𝑥 ∈  𝑋. 
(𝑏) 𝐴 =  𝐵 𝑖𝑓𝑓 µ𝐴 (𝑥) =  µ𝐵 (𝑥), ∀ 𝑥 ∈  𝑋  [16]. 
Definition 2.5:  
A fuzzy topology on a set 𝑋 is a collection 𝑇 of fuzzy 

sets in 𝑋 satisfying:   
(𝑖)   0 ∈ 𝑇  𝑎𝑛𝑑  1 ∈ 𝑇 

(𝑖𝑖) If 𝐴 and 𝐵 belong to 𝑇,then  𝐴 ∧ 𝐵 ∈ 𝑇 

(𝑖𝑖𝑖)  if 𝐴𝑖  belongs to 𝑇 for each 𝑖 ∈ 𝐽 then so does 

∨𝑖∈𝐽  𝐴𝑖.   
Here, 𝐴 ∧  𝐵 and ∨ 𝐴𝑖 ’ are defined by 

( 𝐴 ∧  𝐵)(𝑥) =  𝑖𝑛𝑓 {𝐴(𝑥), 𝐵(𝑥)} 
∨ 𝐴𝑖  (𝑥)  =  𝑠𝑢𝑝{𝐴𝑖  (𝑥): 𝑖 ∈  𝐽},for 𝑥 ∈  𝑋. 

If 𝑇 is a fuzzy topological on 𝑋, then the pair (𝑋, 𝑇) 
is called a fuzzy topological space. Member of 𝑇 are 
called fuzzy open sets. fuzzy sets of the forms 1 −
𝐴 , where 𝐴 is fuzzy open set are called fuzzy closed 
sets. [17]  

Theorem 2.1:  
Let 𝐴 ≤ 𝑌 ≤ 𝑋 .Then: 
(𝑖) If 𝐴 is a fuzzy open set in 𝑌 and 𝑌 is a fuzzy open 

set in 𝑋, then 𝐴 is a fuzzy open set in 𝑋. (𝑖𝑖)  If 𝐴  is 
a fuzzy closed set in 𝑌 and 𝑌 is a fuzzy closed set 

in  , then 𝐴 is a fuzzy closed set in 𝑋  [18] 
Definition 2.6:  
Let 𝑋 and 𝑌 be two non–empty sets 𝑓: 𝑋 → 𝑌 be 

function. For a fuzzy set 𝐵 in 𝑌, the inverse image 

of 𝐵 under 𝑓 is the fuzzy set  𝑓−1 (𝐵) in 𝑋 with 

membership function denoted by the rule:  

𝑓−1 (𝐵)(𝑥) = 𝐵(𝑓(𝑥))for 𝑥 ∈ 𝑋  (𝑖. 𝑒. , 𝑓−1 (𝐵) = 𝐵𝜊𝑓)  

For a fuzzy set 𝐴 in 𝑋, the image of 𝐴 under 𝑓 is the 

fuzzy set 𝑓(𝐴) in 𝑌 with membership function 
𝑓(𝐴)(𝑦), 𝑦 ∈ 𝑌  defined by 

𝑓(𝐴)(𝑦) = {
𝑠𝑢𝑝𝑥∈𝑓−1(𝑦)𝐴(𝑥)   𝑖𝑓  𝑓−1(𝑦) ≠ 0

0                              𝑖𝑓  𝑓−1(𝑦) = 0
 

Where 𝑓−1 (𝑦) = {𝑥: 𝑓(𝑥) = 𝑦} [14] 
Definition 2.7:  
Let (𝑋, 𝑇1) and (𝑌, 𝑇2) be two fts and let 

𝑓 ∶  (𝑋,  𝑇1)  →  (𝑌,  𝑇2) 
be a mapping. Then 𝑓 is said to be fuzzy-

continuous (𝑓- continuous) if 𝑓−1(𝐵)  ∈  𝑇1, For each 

𝐵 ∈  𝑇2. [19] 

Definition 2.8:  
A family 𝑈 of fuzz y sets is a cover of fuzzy set 𝐴 if 

and only if 𝐴 ≤ ∨ {𝐵𝑖: 𝐵𝑖 ∈ 𝑈, ∀𝑖 ∈ 𝐽}. It is called fuzzy 
open cover if each member 𝐵𝑖 is fuzzy open set. A 

subcover of 𝑈 is a subfamily of 𝑈. which is also a 
cover of 𝐴 [13]   

Definition 2.9: 

Let (𝑋, 𝑇) be a fuzzy topological space and let 𝐴 ∈ 𝐼𝑋. 
Then 𝐴 is said to be a fuzzy compact set if for every 

fuzzy open cover of 𝐴 has a finite fuzzy sub cover of 
𝐴. If 𝐴 = 𝑋, then 𝑋 is called a fuzzy compact space 

that is 𝐴𝑖 ∈ 𝑇 for every 𝑖 ∈ 𝐼 and ∨ 𝐴𝑖 = 1, 𝑖 ∈ 𝐼, then 

there are finitely many indices 𝑖 = 1, 𝑖_2, … , 𝑖_𝑛 ∈ 𝐼 
such that ∨𝑖∈𝐼  𝐴𝑖 = 1. [14] 

Theorem 2.2: 
A fuzzy topological space (𝑋, 𝑇) is fuzzy compact if 
and only if for every collection {𝐴𝑖  , 𝑖 ∈ 𝐽} of fuzzy 

closed sets of 𝑋 having the finite intersection 

property,∧𝑖∈𝐽 𝐴𝑖 ≠ 0. [14] 

Theorem 2.3:  
In any fuzzy space, the intersection of a fuzzy 
compact set with a fuzzy closed set is fuzzy 
compact. [14]  

Theorem 2.4:  
A fuzzy closed subset of a fuzzy compact space is 
fuzzy compact. [13] 
Theorem 2.5: Let 𝑓 be a function from a set 𝑋 

into a set 𝑌. If 𝐴, 
𝐴𝑖 , 𝑖 ∈ 𝐽 are fuzzy sets in 𝑋 and if 𝐵, 𝐵𝐾 , 𝐾 ∈ 𝐼 are 

fuzzy sets in 𝑌, 

then the following are true,  

(i) 𝑓[𝑓−1 (𝐵)]  =  𝐵, when 𝑓 is onto. 

(ii) 𝑓(∧ 𝐴𝑖)  ≤ ∧ 𝑓(𝐴𝑖). 
(iii) 𝑓(𝑉𝐴𝑖)  ≤∨ 𝑓(𝐴𝑖). 
(iv) 𝑓−1 𝐵𝐾 ≤∧ 𝑓−1(𝐵𝑘). 
(v) 𝑓−1 𝐵𝑘 ≤∨ 𝑓−1(𝐵𝑘). 
(vii) 𝑓[𝑓−1(𝐵) ∧ 𝐴] = 𝐵 ∧ 𝑓(𝐴).  [19] 

3. Main Results 
Proposition 3.1: 
A fuzzy space 𝑋 is fuzzy compact iff any collection 

of closed fuzzy sub sets of 𝑋 has the finite 
intersection property  

Proof  
Suppose that 𝑋 is fuzzy compact. 

Let {𝐹∝}(∝∈ 𝐽) be any collection of closed fuzzy sets 
in 𝑋 such that 

 ∧∝∈𝐽  𝐹∝ = 0                                                   (3.1) 

Then 

 𝑋 = 1 −∧∝∈𝐽  𝐹∝ =∨ ∝∈𝐽(1 − 𝐹∝ )                    (3 .2) 

Therefore 
 {1 − 𝐹∝ }, ∝∈ 𝐽                                    (3.3) 

 is a fuzzy open set of 𝑋, 

𝑋 = ∨(1 − 𝐹∝𝑖
 ) , 𝑖 = 1,2, …              (3.4) 

Since 𝑋 is a fuzzy compact space. Then there is a 

finite fuzzy open sub cover  

𝑋 = ∨(1 − 𝐹∝𝑖
 ) , 𝑖 = 1,2, … , 𝑛               (3.5)  

 

𝑋 = 1 − ∧(𝐹 ∝𝑖
) , 𝑖 = 1,2, … , 𝑛               (3.6) 

then ∧ 𝐹∝𝑖
= 0, 𝑖 = 1,2, … , 𝑛. 

Conversely  
suppose that {𝑈∝}(∝∈ 𝐽) is a fuzzy open cover of 𝑋. 

Then {𝑋 − 𝑈∝} ∝∈ 𝐽 is a collection of closed fuzzy 
sets.  

But 𝑋 has the finite intersection property  

Then  ∧ (𝑋 − 𝑈∝𝑖
  ) = 0  , 𝑖 = 1,2, … 

𝑋 −∨ 𝑈∝𝑖
 = 0. 

𝑋 =∨ 𝑈∝𝑖
 , 

 then 𝑋 is fuzzy compact. 
Example3.1:  
Let 𝑋 = {𝑎, 𝑏, 𝑐}  be a fuzzy set.  

𝐴 = {(𝑎, 0), (𝑏, 0.4), (𝑐, 1)} 
.𝐹 = {(𝑎, 1), (𝑏, 0.6), (𝑐, 0)}  

collection of closed fuzzy set in 𝑋 such that 

∧ 𝐹 = 0. 𝑋 = 1 −∧ 𝐹 =∨ (1 − 𝐹). 
𝑋 = 1 −∧ 𝐹  

∴ ⋀𝐹 = 0 
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Proposition 3.2:  

A continuous image of a fuzzy compact space is 
fuzzy compact 

Proof:  
Let 𝑓: 𝑋 → 𝑌 be continues map and 𝑋 a fuzzy 
compact space. 
Suppose that  {𝑈∝ }, ∝∈ 𝐽 is a fuzzy open set of 

𝑓(𝑋).                                 
𝑓(𝑋) =∨∝∈𝐽  𝑈 ∝                                 (3.7) 

then 

 𝑋 = 𝑓−1 (∨ 𝑈∝, ∝∈ 𝐽)                      (3.8) 
𝑋 =∨ 𝑓−1 (𝑈∝ ), ∝∈ 𝐽                        (3.9) 

Therefore, {𝑓 −1(𝑈 ∝)}, ∝∈ 𝐽 is a fuzzy open cover of 

𝑋. Then 

 𝑋 =∨ 𝑓−1( 𝑈∝1
 , 𝑈∝2

 , … , 𝑈∝𝑛
  )             (3.10) 

∴ 𝑓(𝑋) = 𝑓(𝑋) = 𝑈∝1
∨ 𝑈∝2

∨ … ∨ 𝑈∝𝑛
       (3.11) 

Thus,  𝑓(𝑋) is fuzzy compact space. 

Example 3.2:  

Let 𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑛} is a fuzzy compact. And let 
mapping 𝑓: 𝑋 ⟶ 𝑌 be an onto continues function. 

let 𝑈 = {0, 𝑌} is an open cover of  𝑌 then 

𝑌 =∨ 𝑈. ∴ 𝑋 = 𝑓−1(⋁𝑈) = ⋁𝑓−1(𝑈)         (3.12) 
𝑓 is continues, then  𝑓−1(𝑈) is an open cover of 𝑋. 
But 𝑋 is fuzzy compact then 

 𝑋 = 𝑓−1(0) ∨ 𝑓−1(𝑌). 𝑌 = 𝑓(𝑋) = 0 ∨ 𝑌 (3.13) 
∴  𝑌 is a fuzzy compact space. 

Remark 3.3 
Loewen's, Chang…, strong fuzzy compactness and 
ultra-fuzzy compactness of topological spaces are 
extended to these notions as well. Introduce a new 
notion of proof that thermos of fuzzy compactness 
in fuzzy topological spaces. We recall the definition 
of fuzzy set, fuzzy topological space and fuzzy 
compactness. 

 

Conclusions:  
Since the fuzzy set allows us to represent fuzzy 
concepts naturally, we find that the concept of the 
fuzzy compact topology space. It is the application 
of fuzzy sets as a generalization of the compact 
topology, from which we construct and study two 
generalizations of fuzzy compact topological spaces 
with the help of illustrative examples and other 
proofs, While the concepts presented in the paper 
are necessary for further research and will open the 
way to improve more applications on the fuzzy 

topology. 

References:  
[1]- Zadeh, L.A.: Fuzzy sets. Inf. Control 8, 338–353 

(1965) 
[2]- Dubois, D., Parade, H.: Operation on fuzzy 

number. Int. J. Fuzzy Syst. 9, 613–626 (1978) 
[3]- Atanassov, K.: Intuitionistic fuzzy sets. Fuzzy 

Sets Syst. 20, 87–96 (1986) 
[4]- C. L. CHANG, Fuzzy topological spaces, J. 

Math. Anal. Appl. 24 (1968), 182-190 
[5]- J. A. GOGUEN, The fuzzy Tycho off theorem, J. 

Math. Anal. Appl. 43 (1973), 734-742 
[6]- C. K. WONG, Fuzzy topology: product and 

quotient theorems, J. Math. Anal. Appl. 45 
(1974), 512-521 

[7]- M. D. WEISS, Fixed points, separation, and 
induced topologies for fuzzy sets, J. Math. 
Anal. Appl. 50 (1975), 142-150 

[8]- ROBERT LOWEN, Topologies floes, C. R. Acad. 
SC. Paris, 278 Skye A (1974), 925-928 

[9]- ROBERT Low, Initial and final fuzzy topologies 

and the fuzzy Tycho off theorem 
[10]- Jose, A. and S.C. Mathew, On compactness 

and connectedness of invertible fuzzy 
topological spaces. Communicated. 

[11]- Loewen, R.J.J.o.M.A. and Applications, A 
comparison of different compactness notions in 
fuzzy topological spaces. 1978. 64(2): p. 446-
454. 

[12]- Dongsheng, Z., The N-compactness in L-fuzzy 
topological spaces. Journal of Mathematical 
Analysis and Applications, 1987. 128(1): p. 64-
79. 

[13]- Saadati, R.J.G.T., on compactness and 
connectedness of invertible fuzzy topological 
spaces. 2005: p. 3 

[14]- Vick, J.W., Fuzzy Regular Compact Space. 
Vol. 145. 2012: Springer Science & Business 
Media. 

[15]- Toet, A., L.J. Van Ruyven, and J.M.J.O.e. 
Valeton, Fuzzy Sets and Fuzzy Logic. 1989. 
28(7): p. 287789. 

[16]- Karnik, N.N., J.M.J.F.s. Mendel, and systems, 
Fuzzy sets. Operations with fuzzy sets. 2001. 
122(2): p. 327-348. 

[17]- Lowen, R., Fuzzy topological spaces and fuzzy 
compactness. Journal of Mathematical 

analysis and applications, 1976. 56(3): p. 621-
633. 

[18]- Martin, H.W.J.J.o.M.A. and Applications, 
fuzzy topological spaces. 1980. 78(2): p. 634-
639. 

[19]- Rodabaugh, S., FUZZY SUBSETS AND FUZZY 
TOPOLOGY. Topology and its Applications, 
1980. 11(3): p. 319-334. 

[20]- Yao, Y., A comparative study of fuzzy sets and 
rough sets. Information sciences, 1998. 109(1-
4): p. 227-242. 


