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Abstract In this paper we introduce and study the subclass VU, (f, g, @, 8, k), which represent the k -uniformly
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Introduction

The class of analytic and univalent functions in the
open unit disk U={z€C:0<|z| <1}= and has
the form:

f@=z+ Z a,z" (1.1)
n=1

is denoted by S For f(z) €S and g(z) €S of the
form:

g(z)=z+ Z bpz", (1.2)
n=2

the Hadamard product (or convolution) (f * g)(z) of
f(z)and g(z) is defined (as usual) by

F D@ =2+ ) apbz" (13)
n=2

Using the convolution, we define a unified subclass
of univalent function class S as follows:

Definition 1. For (0<a<f<10<y<L1,k(1-
B <(1—-a) and g(z) of the form (1.2) , let
U,(f,9,a B, k) denote the subclass of S consisting of
functions f(z) of the form (1.1) and satisfy the
following inequality:

Re {Z(f * g),(Z) + (1 + Zy)Zz(f * g)"(z) + yZ3(f * g)/n(Z)
Z(f * g)l(z) + .VZZ(f * g)”(z)

—a¢=>

2(f *9)'@) + (142072 + 9)" @) +vZ (£ * 9)"' (@)
z(f x 9)'(2) +yz2(f * 9)" (2)

- ﬁ|- (1.4)

For different choices of parameters a,S,y, k and the
function g(z) in (1.4) we obtain many subclasses of
the class U,(f,g,a,6,k) studied earlier see (for
example)((1], [2], [3], [4], [5], [6], [7], [8], [9]), as well
as new classes defined by differentiable and
integrable operators. Also we obtain the following
new subclass as follows:

UO(frgrarﬂrk) =k- UCV(f'g' a'ﬁ)

_ 20+9)" (@) 20+9)" (@)
fes: Re{1 + B0 a} >k |1 ST T /3|

0<a<pfp<1Lk(1-B)<(1-a)zel)

. (1.5)

Let Vy be the class of functions f(z) € S of the form
(1.1), for which arg(a,)=n+n+1)8,n=2. We
note that for 8§ = 0, we obtain the familiar class T
of functions with negative coefficients [10].
Moreover, we define V =Ug.z Vy. The class V was
introduced by Sliverman [11].

Further, we define the class VUy,(f,g,a,B,k) by

VU, (f,g,a.B,k) = U,(f,g,a,B.k) N V. (1.6)
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For different choices of parameters a, 8,7, k and the
function g(z) in (1.6) we obtain many subclasses of
the class VUy,(f,g,a,B,k) studied earlier see (for
example) ([2] and [7]), as well as new subclasses
with varying arguments of coefficients defined by
differentiable and integrable operators. Also we
obtain a new subclass with varying arguments of
coefficients to the subclass defined in (1.5) as
follows:
VUQ,O(f' 9, ,B, k) = VU9 (f’ 9, ﬁ! k)
=U(f,g.a,B.k)NV,
=k—-VUCV(f, g, a/p).

In this paper we study some properties of the
function of the form (1.1) and belongs to the class

VUg,y (f. g, 2.8,k .
Coefficiente stimates.

Unless otherwise mentioned, we assume
throughout our present paper that: g(z)is defined
by (1.2) with b, >0(n>2), 0<a<f<10<y<
1Lk(l-B<(1—-a),zeUand

Y, =n[l+yn-1)] (2.1)

Theorem 1. A function f(z) € U,(f, g,a,B,k), if

Ynmolk(m—p)+ (n— )|y bplag| < (1 —a) —k(1—B)
2.2)

Proof. It is sufficient to show that inequality (1.4)
holds true. Using the fact that

Re{w —a} > k|lw — B| = Re{(1+ ke'®)w —
Bke®} > a, (2.3)

then inequality (1.4) may be written as
Re {(1 + keie) z(f+g) (2)+(1+2y)z2(f*9)" (2)+yz3 (f*g9)""" (2) B

z(f+9)' (2)+yz2(f+g)" (2)
Bke®} > a, (2.4)

or
A(2)
Re {%} > aq, (25)

Where
A(z) = (1 + keia)[z(f xg) (2) + (1 + 2y)z2(f *

9)"(2) +v2*(f x 9)"'(2)] — Pke®[z(f * 9)'(2) + yz*(f *
9)" @],

and
B(2) = z(f * 9)'(2) +yz*(f * 9)" (2).
We have

|[A(z) + (1 — a)B(2)| — |A(2) + (1 + @) B(2)|
> 0. (2.6)

Note that

|A(2) + (1 — a)B(2)| = |[(1 - Bke® +2— a']z —
Z;‘fzz[(n - Bke® —1+ a] v, bnanz"|
> [1-Pk+2—allzl - X7,[(n— Pk -1+
al¥y, byla,||z"| (2.7)
and

|A(z) — (1 4+ a)B(2)| = |[(1 - Bke® +2 — a]z +
Yo [(n—Bke? —1—a+n]¥, bya,z"| < [(1 - Bk +
Exz]lgl) =Yool =Bk — 1a + n]¥, b,la,||z"|.

Using (2.7) and (2.8), we obtain the following
inequality:

|A(2) + (1 — a)B(2)| + |A(2) — (1 + @) B(2)|
22[(1-a)-k(1-p)] 23l =p)(n—
)Wy, bylay||z"| (2.9)

The expression |A(z)+ (1—a)B(2)|+]A(z)—- 1+
a)B(z)| is bounded below by if

Lnzal(n =Pk + (n— ¥y bplay| < (1 —a) — k(1 -
B). (2.10)

Hence the proof is completedm.

In the following theorem, we find the necessary
condition for functions of the form (1.1) to be in the
subclass VUg,(f,g,a, B, k)

Theorem 2. A function f(z) € VUg,(f,g,a,B,k) if
and only if

Znzal(n = Bk + (n = )W bplap| < (1 —a) —k(1 -
B, (2.11)

where W, are given by (2.1).

Proof. In view of Theorem 1, we need only to show
that f(2) €VUy,(f,g,a,B,k) satisfies the
coefficient inequality (2.11). If f(z) e
VUg, (f, g, a B, k), then from (1.4), we have

(1-a) +Xp(n— a)¥, bnanzn_1
1+Yr, ¥, bya,z 1

>k |(1‘ﬁ

)+ (=)W nbnanz™ |
14350, Wpbya,z1 I (2-12)
Since f(z) is of the form (1.1) with the argument
property given in the class V(8,) and setting z =
reilfn+(-181 in the above inequality, we have

(1= @) + 525 (1 — @)W, bylay e+ -D31zn1
1+ X5, Wy bylay et (D3] zn1
>

(A-B)+38,(n—a)W zby|ay, lelfnt (18] zn-1
1+E5, Wnbn|ap|etOn+(n-181zn-1

k

Since Re{w(z)}<|w(z)| <1, we get

(1_a)_E?:z(n_a)\ynbnlanlrn_l >
1_2?:2 q"nbnla'nlrn_1
— 0 — n-—1
k [(1 B) Yyza(n—a)Wnbp|an|r ] (2.13)

1_2?:2 q"nbnla'nlrn_1

Letting r — 17, then we have the inequality (2.11).m

Corollary 1. If f(z) € VUy, (f, g,a,B,k) then

(1-@)-k(-p)
lanl < G B -a v, 2 2 (2.14)
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and equality holds for

_ (-0)-k(1-p)
f@) =2+ e,

). (2.15)

elfnzn (n >2;z€

3. Growth and distortion theorems.

Theorem 3. Let f(2) € VU, (f,g,a,8,k) Then for

lz| <r=1
__G-@ka-p) 5 -

T apkrG-avy, S f@IsT+
(1-a)-k(1-B) 2 (3 1)

[2-B)k+(2-a)]¥2b,

Sharppeness holds for

_ (1-a)-k(1-p) 0.2
f@=z+ (@-P)k+@-a)¥,b, ¢ 2 (3-2)

Proof. From (2.11), we find that

(2= B+ @ = @)]¥,b; ) lan] <
n=2
D L= Bk + (= ¥y bylan| < (1= ) ~ k(1 =),
n=2

which yields

Yl < Lm0 KA-D
LS -pk+ @ - l%b,

Thus
@I <1l + 122 Y lanl <7477 ) la
n=2 n=2

(1-@) = k(1)
<T@kt @-wl%h,

Similarly,
@12 12l = 12 ) lanl <7 =17 ) |ay]
n=2 n=2

_G-w-ka-p
(2= Pk+@-al¥b,

<r

This completes the proof of Theorem 3.m

Theorem 4. Let f(z) €VUy, (f,9,@,6,k). Then for
lz| <r=1

2[(A-a)-k(1-p)] ’
- < <

1= le-prre-amy, < V' @I<1+

2l0-0)-ka-p]_
[(-pYk+2-a)¥sb, (3.3)

Sharppeness holds for f(z) given by (3.2).
Proof. We have

If' (@] < 1+ X7 nlal|z[" " <1
r¥n=z2nlan]  (3.4)

and

If' @2 1=, nlayllz[** =
1—-rYr,nla,l (3.95)

In view of (2.11), we have

2-Dk+@2-a)]¥,b,
[(2-p) +(2 a)|¥,b, Zn|an|S

n=2
Z[(Qn - ﬂlpn) + ('Qn - alpn)]bnlanl
T <a-w-ka-p,
or,

2[(A-a)—k(1-p)] (3.7)

Yo onla,l < [(2—B)k+(2-a)]¥5b,

A substitution of (3.7) into (3.4) and (3.5) yields the
inequality (3.3).

Theorem 5. Let f(2) €VUy,(f g, & B k), with
arg(a,) =m+ (n+1)0,n > 2. Let
fi2) =z

[(L-a)=k(A=p] 4 .
=Bk +(n—a)Wby -

and

@) =2+

(n>2;0<6 <2m). (3.8)

Then f(z) €VUy,(f,g,a,B,k), if and only if f(z)
can be expressed in the for

f(2) = Xnzivnfa(2), (3.9)
where v, 20 and Y, v, =1

Proof. If f(z) is given by (3.9), then

f(2) = Z Vfa(2) =v1f1(2) + Z Vfa2).
n=1 n=2
=W + 30, v)z+ 32, Kﬁl—@&% ifnyn

n—-Bk+n-a)]¥, b,

o [(1-a)-k(1-p)] 0, ,m
z+ Y, Bkt w i, Vne "E (3.10)

We see that

Ms

[(n - Bk

3
11
N

[(1—a) — k(1 —p)] o,
[(n— Bk + (n— a)[¥uby, ™°

+ (n—a)]¥,b,

=) la- 0=k -plv,

" =1 -v)A-a) —k(1—B)
<(-a)— k(- p).

Then f(z) satisfies (2.11) and hence f(z)€

VUQ,y(fl 94, ﬁ' k)
Conversely, let the function f(z) defined by (1.1)
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belonges to the class f(z) € VUy, (f, g,a,B,k),

_ [(Tl - ,B)k + (Tl - a)]lpnbn

T o -ka-p =D
vi=1- Vp-

From Theorem 2, Y ,v, <1 and sov; = 0. Since
Vnfn(2) = vz + a,z", then

PROACERE: i anz" = f(2).
n=2

n=1

Remark 1. Putting y =0 and g(z) = é or (b, =
1 with n>2 ) in Theorems 1, 2, 3, 4 and 5,
respectively, we obtain the results obtained by El-
Ashwah et al. ([2], Theorems 8, 14, 15 and 17,
respectively.

4. Radii of close-to-convexity, starlikeness and
convexity

Theorem 6. Let f(2) € VUy, (f, g, B, k) Then
(i) f(z)is close-to-convex of order §(0 <
§<1in|z| <mr,

1
_ inf (1=8) [(m-P)k+(-a)|¥nby \n-1
ne nzz{ n[(1-a)~k(1-p)] } (1)
(ii) f(2) is starlike of order §(0 <§ < 1) in
lz| <73,
1
_ inf (1=8) [(n-P)k+(n—a)|¥pby \n-1
= "22{ (k=8 [(A-a)~k(1-B)] } ’ (+2)
(iii) f(z) is convex of order §(0 <§ <1) in
lz| <7,
1
_inf (1-8) [(n-B)k+(n—a)| ¥y, by, n-1
5= nZZ{ n(k-8)[(1-a)—k(1-p)] } (+3)

Each of these results is sharppeness for f(z) given
by (2.15).
Proof. We must show that

If(z) —1|<1—-6for|z|<r, (4.4)

where r; is given by (4.1). Indeed we find from (1.1)
that
=11 ) nlagllz™
n=2
Thus
lf(2) -1l <1-6,
If

s (5) lanllzt < 1. (4.5)

But, by Theorem 2 and (4.5) will be true if
n - [(n_ﬁ)k"" (n_ a)]lpnbn
() =
1-46 [(1-a)—k(1-p)]
that is, if
1
12l {(1 —8) [(n— Bk + (n— )Wy by }m
z|l =
n[(1—a) - k(1-p)]

the proof (i) is completed. The proof of (ii) and (iii) is
similar to (i) and will be omitted.m

’

Remark 2. Taking y =0 and g(z) = é or (b, =
1 with n > 2) in our results, we obtain the results
obtained by Magesh [7].

Remark 3. Putting y = 0 in our results, we obtain

new results associated with the subclass k —

VUCV(f,g,,f), defined in the introduction.
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