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Abstract In this paper we studied the cleavability over these topological spaces : D- regular space, D - 

completely regular space , Dσ-completely regular space and weakly regular space as following: 

If  𝒫 is a class of topological spaces with certain properties and if  X  is cleavable over  𝒫 then 𝑋 ∈ 𝒫.also If  
𝒫 is a 

Class of topological spaces with certain properties and if  Y  is cleavable over  𝒫 then 𝑌 ∈ 𝒫 
Keyword: D - regular space , D - completely regular space , Dσ- completely regular space , weakly regular 

space, absolutely cleavable. 
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(D regular space, D - completely regular space, Dσ -completely regular space and weakly  regular space):

𝒫 X𝒫X ∈ 𝒫𝒫 

Y𝒫Y ∈ 

 D - regular space , D - completely regular space , Dσ- completely regular space , weakly regular 

space, absolutely cleavable.

Introduction 
Different types of cleavability (originally named 
''splittability'') of a topological space were 
introduced by Arhangl' Skii (1985) as following: A 
topological space X is said to be cleavable (or 

splittable) over a class of spaces 𝒫 if for A ⊂ X  
there exists a continuous mapping f: X ⟶ Y ∈ 𝒫 

such that f −1 f(A) = A  , f(X) = Y . Throughout this 

paper X ,  Y will always denote the topological 
spaces on which no separation axioms are 
assumed, unless otherwise mentioned. Let A be a 

subset of X , cl A and int A denote the closure and 
interior of A , respectively. Definitions and some 

properties of some regular spaces as  D - regular 

space, D - completely regular space, Dσ - 
completely regular space and weakly regular 
space are introduced in [5],[6] . 

Preliminaries 
Now we recall some definitions which we needed 
in this paper. 

Definition (1)   
A  topological space X is said to be absolutely 

cleavable over a class of spaces 𝒫 if A ⊂ X   and 

there exists an injective continuous mapping 

f: X ⟶ Y ∈ 𝒫   such that  f −1 f(A) = A  .

Remark (1) 
if 𝒫  is the class of all spaces, we shall say that X 

is absolutely cleavable over 𝒫 . If f is an open 

,closed ,perfect ,…(continuous) mapping , we shall 
say  that X  respectively open ,closed perfect 
absolutely cleavable over 𝒫 . 

 Note that if 𝑓  is an injective continuous 
mapping  of 𝑋 into  𝑌 ∈ 𝒫  then 𝑋 is cleavable over 

𝒫 and since the definition of cleavability depends 

on the subset 𝐴of 𝑋  , thus we might say a space 𝑋 
is said to be absolutely cleavable over 𝒫 , then the 

cleavability over 𝒫 may regarded as generalization 
of continuous injection map onto 𝑌 ∈ 𝒫. 

Remark (2) 
By an open [closed , perfect ,….] cleavable we 
mean that the continuous function f: X ⟶ Y is an 

injective open [closed , perfect , ….] respectively  

Definition (2)[5]
A topological space X  is said to be D -regular if 
every point x of X   has  a neighborhood base 

consisting of open Fσ −sets

Definition (3)[5] 
A topological space X is called weakly regular if 

every point x of   X has a neighborhood base 

consisting of Fσ -sets. 

Definition (4)
A collection  𝔅

 
of subsets of a space 𝑋  is called an 

open  Complementary system if  𝔅 consists of 
open sets of 𝑋  such that for every 𝐵 ∈ 𝔅 there 

exists 𝐵1 , 𝐵2 , … ∈ 𝐵 with 𝐵 = ⋃{𝑋 𝐵𝑖  ⁄ , 𝑖 ∈ Ν}
   

Definition (5) 
A subset A of a space X  is called a strongly open 
Fσ-set  if there exists a countable open  

complementary system 𝔅(A)  with A ∈  𝔅(A)).
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the complement of strongly open Fσ -set  is  called 

strongly closed Gσ -set. 

  Definition (6) [5] 
A topological space X  is said to be D -completely 
regular if it has a base of strongly open  Fσ - sets 

of X can be separated by  Gσ -sets . 

Proposition (1)                                                                 
Let X  be a closed absolutely cleavable space over 

a class of regular spaces  , then  X ∈ 𝒫   .                                                                                                                    

Proof: 
  Let x  be any point in X  , and  F a closed  subset 
of  X  ,with   x ∉ F,since X  is  absolutely cleavable , 

there exists an injective continuous mapping 

f: X ⟶ Y ∈ 𝒫 , such that  f −1f(F) = F , and for every 

y ∈ Y there exists x ∈ X such that  y = f(x)  ⇔
f −1 (y) = x  . 

Hence f(F)  is closed subset of Y  and  

f(x) ∉ f(F) . 
Now Y  is regular, then there exist two open sets G   

and H  of  Y   with  f(x) ∈ G ,  f(F) ⊂ H,  G ∩ H = ϕ so 

x ∈ f −1(G) , f −1f(F) ⊂ f −1(H) this implies that x ∈
f −1(𝐺),  F ⊂ f −1(H),since f  is continuous , then 

f −1(G),   f −1(H)   are open sets of X  ,  and                                     

f −1(G) ∩ f −1(H) = f −1(G ∩ H) = f −1(ϕ) = ϕ Therefore 

X is regular ,then X ∈ 𝒫 . 

Proposition (2) 
 Let X be a regular space is an open absolutely 

cleavable over a class of spaces  , then Y ∈ 𝒫.  

Proof:   
Suppose y be any point in Y , and E  be any closed 
subset of Y with  y ∉ E then there exists x ∈ X , with  

y = f(x) ⇔ f −1(y) = x ,and an open Injective 

continuous mapping  f: X ⟶ Y ∈ 𝒫  such that 

f −1f(f −1(E)) = f −1(E) .                                                                                                    

Since  f  continuous then f −1(E) is closed in X  this 

means that f −1(y) ∉ f −1(E) , so x ∉ f −1(E) in X  . 
Since X  is regular space , then there exist open 

sets U , V such that  x ∈ U and                   f −1(E) ⊂
V this implies that f(x) = y ∈ f(U) , and  ff −1(E) ⊂
f(V) implies that  E ⊂ f(V) , since f  is open , so 
f(U) , f(V) are open sets of Y  and f(U) ∩ f(V) =
f(U ∩ V) = f(ϕ) = ϕ. 
 Hence Y is regular space  and  Y ∈ 𝒫. 

Proposition (3) 
Let X  be  D -regular closed open cleavable space 

over a class of  Spaces  𝒫 , then  Y ∈ 𝒫. 

Proof: 
Suppose y ∈ Y and a neighborhood  V  of  Y  y =
f(x) ⇔ f −1(y) = x and an open closed continuous 

mapping f: X ⟶ Y such that   f −1f(f −1(V)) = f −1(V)  , 

then for 

 x ∈ f −1(V) , U = f −1(V) 
is a neighborhood of  x   . 
Since  X  is  D -regular space ,  so  there exists an 

open Fσ - set    F  such that x ∈ F ⊂ U , 
since  f  is open then f(F) is an open Fσ - set in 𝑌  

and 𝑓(𝑥) ∈ 𝑓(𝐹) ⊂ 𝑓(𝑈), this implies that 𝑦 ∈ 𝑓(𝐹) ⊂
𝑉 . therefore  Y  is D -regular space. Hence  𝑌 ∈ 𝒫. 

 

Proposition (4) 
 
Let 𝑋  be a Hausdorff  perfect  cleavable space 

over a class of weakly regular spaces  𝒫 ,
 
then 𝑋 ∈

𝒫. 

 

Proof: 
Let  U  be an open neighborhood of 𝑥 ∈ 𝑋, there 

exists a perfect mapping 𝑓: 𝑋 ⟶ 𝑌 such that  

𝑓−1𝑓(𝑈) = 𝑈 , if  𝑓−1𝑓(𝑥) ⊂ 𝑈 
 then exists an 𝐹𝜎 − set 𝑭 in 𝒀 with 

𝑓(𝑥) ∈ inf 𝐹 ⊂ 𝐹 ⊂ 𝑌 𝑓(𝑋 𝑈⁄ )⁄              

which implies that  f −1(F) is an Fσ  - set , such 

that  

f −1f(x) ∈ int f −1(F) ⊂ f −1(F) ⊂ f −1[Y f(X U⁄ )⁄ ] ⇒ 
 x ∈ intf −1(F) ⊂ f −1(F) ⊂ U.  

Hence X ∈ 𝒫 

Definition (7)
A mapping  f: X ⟶ Y is said to be Lindeloff –perfect  

if  f  is continuous , Closed and every 

set of the form f −1(y) for y ∈ Y is Lindeloff spaces.

Lemma (1)[5] 
Let A  and  B  be two disjoint subsets of a space  X  

with  B  is closed ,if A is a Lindeloff then there 

exists  an  Fσ - set   F  such that 
 A ⊂ int F ⊂ F ⊂ X B⁄   

proof: 
Let  A   be closed and has a boundary 

 K = A int A⁄  which is a Lindeloff space .then there 
exists countably many points x1, x2, … in K and  Fσ- 

sets  F1 , F2 , …  such that xi ∈ int Fi and  K ⊂ int G ⊂

G = ⋃{Fi| i∈N} ⊂ X B⁄  

Therefore F = A ⋃ G is an Fσ - set  with              
 A ⊂ int F ⊂ F ⊂ X B⁄  

Proposition (5) 
Let  X  be a weakly regular Lindeloff-perfect 

cleavable space over a class of spaces 𝒫 .then Y ∈
𝒫  

Proof: 
Let V be an open neighborhood of  y ∈ Y.then there 

exists a Lindeloff perfect mapping   f: X ⟶ Y such 

that f −1f{f −1(V)} = f −1(V) , hence f −1(y) is a 

Lindeloff  subspace of the open set f −1(V). 
 By lemma   (1) there exists anFσ  - set  F  such 

that f −1(y) ⊂ int F ⊂ F ⊂ f −1(V)
 and since  U = Y f[X int F⁄ ]⁄   is open and

 𝑓(𝑓−1(𝑦)) ⊂ 𝑓(𝑖𝑛𝑡 𝐹) ⊂ 𝑓(𝐹) ⊂ 𝑉,  

then 𝑦 ∈ 𝑖𝑛𝑡 𝑓(𝐹) ⊂ 𝑓(𝐹) ⊂ 𝑉   .
Therefore Y  is weakly regular. 

 hence Y ∈ 𝒫. 

 Definition (8) 
A subset A  of a space X  is called regular Gσ -set if 
A is an intersection of sequence of closed sets 

whose interiors contain  A  . 

 i-e A = ⋂ Fn = ⋂ int Fn
∞
n=1

∞
n=1  where int Fn  denotes 

the interior of Fn   .  

 The complement of regular Gσ -set is called a 

regular  Fσ  - set  

Definition (9) [5]
A topological space X is called a Dσ -completely 

regular space if it has  a base of regula Fσ- sets 

 
 
 
 
Proposition (6)[5] 
Every Dσ -completely regular space is regular 

Proof: 
 Let X  be  Dσ-completely regular space and let F 

be a closed subset of  X and  x ∉ F then x ∈ X F⁄ and 
X F⁄  is open set in X  , so there exists regular Fσ- 
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set U such that x ∈ U ⊂ X F⁄ , so U is regular Fσ-set  

then 𝑈 = ⋃ 𝑉𝑖 = ⋃ 𝑐𝑙 𝑉𝑖
∞
𝑖=1

∞
𝑖=1  where each Vi is an 

open set . Hence  x ∈ Vi  ⊂ cl Vi ⊂ X F⁄ which implies 
that  Vi  and X cl V⁄

i are disjoint open sets 

containing x and F respectively.   

Therefore X is regular space .
  hence X ∈ 𝒫
Proposition (7) 
Let X  be a Dσ -completely regular open closed 
cleavable space over a class of spaces   .  
 then Y ∈ 𝒫 

 Proof: 
  Let y ∈ Y  and V  be a neighborhood of   y, there 
exists an open closed continuous mapping  f: X ⟶
Y such that 

 f −1f{f −1(V)} = f −1(V), then for  

y = f(x) ⇔ x = f −1(y) , U = f −1(V)  is  a neighborhood 

of x . since  X is  Dσ- completely regular space , 

then there exists a regular Fσ- set F such that x ∈
F ⊂ U , since f is open closed then f(F)  is a regular 

Fσ - set in   Y with f(x) ∈ f(F) ⊂ f(U) 
 this implies that y ∈ f(F) ⊂ f(U). Therefore 

Y  is Dσ- completely regular space. Hence  Y∈ 𝒫 

conclusion 
In this paper we have studied and proved these 
cases: 
1) If  𝒫 is a class of egular space  with certain 
properties and if X is absolutely cleavable over 𝒫 , 

then X ∈ 𝒫 , also if  𝒫 is class of regular space with 
certain properties and if Y is absolutely cleavable 

over 𝒫 , then Y ∈ 𝒫 . 

2) If  𝒫 is a class of  weakly regular space or with 

certain properties and if X is cleavable over 𝒫 , 

then X ∈ 𝒫 . 
3) If  𝒫 is a class of   D − regular space or (weakly 

regular space ,  D𝜎 − completely regular space ) 
with certain properties and if Y is absolutely 

cleavable over 𝒫 , then Y ∈ 𝒫 . 
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