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Abstract In this paper we studied the cleavability over these topological spaces : D- regular space, D -
completely regular space , Ds-completely regular space and weakly regular space as following:
If Pis a class of topological spaces with certain properties and if X is cleavable over P then X € P.also If

Pis a

Class of topological spaces with certain properties and if Y is cleavable over P then Y € P
Keyword: D - regular space , D - completely regular space , Ds- completely regular space , weakly regular

space, absolutely cleavable.
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Introduction

Different types of cleavability (originally named
"splittability’) of a topological space were
introduced by Arhangl' Skii (1985) as following: A
topological space X is said to be cleavable (or
splittable) over a class of spaces Pif for AcX
there exists a continuous mapping ;X — Y€ P
such that f~1f(A) = A ,f(X) =Y . Throughout this
paper X, Y will always denote the topological
spaces on which no separation axioms are
assumed, unless otherwise mentioned. Let A be a
subset of X , cl A and int A denote the closure and
interior of A , respectively. Definitions and some
properties of some regular spaces as D - regular
space, D - completely regular space, Dg-
completely regular space and weakly regular
space are introduced in [5],[6] .

Preliminaries

Now we recall some definitions which we needed
in this paper.

Definition (1)

A topological space X is said to be absolutely
cleavable over a class of spaces P if AcX and
there exists an injective continuous mapping
f:X—>Y€eP suchthat f"1f(A)=A .

Remark (1)

if # is the class of all spaces, we shall say that X
is absolutely cleavable over P . If f is an open
,closed ,perfect ,...(continuous) mapping , we shall
say that X respectively open ,closed perfect
absolutely cleavable over P .

Note that if f is an injective continuous
mapping of X into Y € P then X is cleavable over
P and since the definition of cleavability depends
on the subset Aof X , thus we might say a space X
is said to be absolutely cleavable over P , then the
cleavability over P may regarded as generalization
of continuous injection map onto Y € P.

Remark (2)

By an open |[closed , perfect ,....] cleavable we
mean that the continuous function f:X — Y is an
injective open [closed , perfect, ....] respectively

Definition (2)[5]

A topological spaceX is said to beD -regular if
every point x of X has a neighborhood base
consisting of open F; —sets

Definition (3)[5]

A topological spaceX is called weakly regular if
every point x of X has a neighborhood base
consisting of F; -sets.

Definition (4)

A collection B of subsets of a spaceX is called an
open Complementary system if 8 consists of
open sets of X such that for every B € B there
exists B;,B,,... € Bwith B = U{X/B; ,i € N}
Definition (5)

A subset A of a space X is called a strongly open
Fs-set if there exists a countable open

complementary system B(A) with A € B(A)).
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the complement of strongly open F; -set is called
strongly closed G, -set.

Definition (6) [5]
A topological space X is said to be D -completely
regular if it has a base of strongly open F,; - sets
of X can be separated by G, -sets .

Proposition (1)
Let X be a closed absolutely cleavable space over
a class of regular spaces , then Xe®P
Proof:

Let x be any point in X , and F a closed subset
of X ,with x ¢ F,since X is absolutely cleavable ,
there exists an injective continuous mapping
f:X—>YeP, such that f~f(F) =F , and for every
y €Y there exists x€X such that y=fx) o
fT1 @ =x .

Hence f(F) is closed subset of Y and

f(x) ¢ f(F) .

Now Y is regular, then there exist two open sets G
and H of Y with f(x) G, f(F)cH, GNH=d¢so
x € f71(G) , f~H(F) c f~'(H) this implies that x €
f~1(G), Fcf'(H),since f is continuous , then
f71(G), f~1(H) are open sets of X , and
LG NfIH) =f"(GnH) =f1(p) =¢ Therefore
X is regular ,then X € P .

Proposition (2)

Let X be a regular space is an open absolutely
cleavable over a class of spaces , thenY € P.
Proof:

Suppose y be any pointin Y, and E be any closed
subset of Y with y ¢ E then there exists x € X , with
y=f(x) ©f!(y)=x,and an open Injective
continuous mapping fiX—Y€ZP such that
fH(FH(E)) = £74(E) .

Since f continuous then f~1(E) is closed in X this
means that f~(y) ¢ f1(E) ,sox ¢ f"1(E) in X .
Since X is regular space , then there exist open
sets U,V such that x € U and f~X(E) c
V this implies that f(x) =y € f(U) , and ff~1(E) c
f(V) implies that E cf(V) , since f is open , so
f(U),f(V) are open sets of Y and f(U)Nnf(V)=
fUNV) =f(¢p) = ¢.

Hence Y is regular space and Y€ P.

Proposition (3)

Let X be D -regular closed open cleavable space
over a class of Spaces P, then Y€ P.

Proof:

Suppose y €Y and a neighborhood V of Y y=
f(x) © f"1(y) =x and an open closed continuous
mapping f:X — Y such that f7(f1(V)) =f~1(V) ,
then for

x€f V), U=f"1(V)
is a neighborhood of x
Since X is D -regular space , so there exists an
open F; - set F suchthatxeFcU,
since f is open then f(F) is an open F; - set in Y
and f(x) € f(F) c f(U), this implies that y € f(F) c
V . therefore Y is D -regular space. Hence Y € P.

Proposition (4)
Let X be a Hausdorff perfect cleavable space

over a class of weakly regular spaces P, then X €
P.

Proof:

Let U be an open neighborhood of x € X, there
exists a perfect mapping f: X — Y such that
O =U,if fAfx)cU

then exists an F; — set F in Y with

f(x) einfF cFcY/f(X/U)

which implies that f~1(F) is anF; - set , such
that

f71f(x) € int f~1(F) c f~1(F) c f1Y/f(X/U)] =

x € intf"1(F) c f~1(F) c U.

Hence X € P

Definition (7)

A mapping f:X — Y is said to be Lindeloff —perfect
if f is continuous , Closed and every

set of the form f~1(y) for y € Y is Lindeloff spaces.
Lemma (1)[5]

LetA and B be two disjoint subsets of a space X
with B is closed ,if A is a Lindeloff then there
exists an F,; - set F such that

AcintFcFcX/B

proof:

Let A be closed and has a boundary

K = A/int A which is a Lindeloff space .then there
exists countably many points x;,X,, ... in K and Fg-
sets F; ,F,,.. such that x; €intF; and KcintGc
G=U{Fl N} cX/B

Therefore F =AUG is an F; - set with
AcintFcFcX/B

Proposition (5)

Let X be a weakly regular Lindeloff-perfect
cleavable space over a class of spaces P .then Y €
P

Proof:

Let V be an open neighborhood of y € Y.then there
exists a Lindeloff perfect mapping £ X —Y such
that f~1{f~*(V\)} =f"1(V) , hencef(y) is a
Lindeloff subspace of the open set f~1(V).

By lemma (1) there exists anF; - set F such
that f~1(y) CintFc F c f~1(V)

and since U = Y/f[X/intF] is open and

f(f71(y) c fint F) c f(F) c V,

theny€int f(F) c f(F)cV

Therefore Y is weakly regular.

hence Y € P.

Definition (8)

A subset A of a space X is called regular G, -set if
A is an intersection of sequence of closed sets
whose interiors contain A .

i-e A= Ny, Fh = N3, intF, where intF, denotes
the interior of F,

The complement of regular G, -set is called a
regular F; - set

Definition (9) [5]

A topological space X is called a D; -completely
regular space if it has a base of regula F;- sets

Proposition (6)[5]

Every D, -completely regular space is regular
Proof:

Let X be Dj-completely regular space and let F
be a closed subset of X and x & F then x € X/Fand
X/F is open set in X , so there exists regular Fg-
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set U such that x € U c X/F, so U is regular F,-set
then U=U2,V; =UZ,clV; where each V; is an
open set . Hence x €V; c clV; c X/Fwhich implies
that V; and X/clV, are disjoint open sets
containing x and F respectively.

Therefore X is regular space .

hence X € P
Proposition (7)

Let X be a D; -completely regular open closed
cleavable space over a class of spaces

thenY € P
Proof:

Let yeY and V be a neighborhood of vy, there
exists an open closed continuous mapping f:X —
Y such that
{1 (W)} = f~1(V), then for
y=1f(x) ©x={"1(y),U=f"1(V) is a neighborhood
of x . since X is Dg- completely regular space ,
then there exists a regular F;- set F such that x €
F c U, since f is open closed then f(F) is a regular
Fs - setin Y with f(x) € f(F) c f(U)

this implies that y € f(F) c f(U). Therefore
Y is Ds- completely regular space. Hence YeE P
conclusion
In this paper we have studied and proved these
cases:
1)If P is a class of egular space with certain
properties and if X is absolutely cleavable over P ,
then X € P , also if P is class of regular space with
certain properties and if Y is absolutely cleavable
over P ,thenY€EP .

2)If P is a class of weakly regular space or with
certain properties and if X is cleavable over P ,
then Xe P .

3)If P is a class of D — regular space or (weakly
regular space , D, — completely regular space )
with certain properties and if Y is absolutely
cleavable over P ,thenY€E P .
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