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Multifractal analysis delves into the notion that different regions within a system can exhibit distinct
scaling properties, challenging the traditional concept of uniform scaling. Unlike traditional fractals,
which possess a single scaling exponent, multifractals capture the heterogeneity and self-similarity
present in complex systems. This allows for a more nuanced understanding of the underlying
dynamics, revealing hidden patterns and uncovering the intricate interplay between order and chaos.
A homogeneous set is referring to a set that is uniformly distributed. Which has no variations in
density, structure, or other properties across its domain. The non-multifractal homogeneous set is a
set that exhibits both non-multifractal properties and homogeneity. This means that the set displays
a degree of self-similarity at a specific scale, while also having uniform distribution in its properties.
The paper considers the non-multifractal properties of a map of discrete-time dynamical systems
from the 2-torus to itself and how uniformly distributed global stable and unstable manifolds can be.
This research employs the classical multifractal formalism to show the non-multifractal behavior of
the Cat map, where the ergodicity of the map is explained. Then, theoretical multifractal functions
are provided such as the cumulative curve length, the exponent D, the fractal dimension D, the
dispersion A(a), skew parameter s, and the clustering coefficient A(f). Lastly, the physical
interpretations for the theoretical multifractal functions will be provided. Python data science is
utilised to demonstrate the results.
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1. Introduction

The Arnold's Cat map (‘C’ontinuous ‘A’utomorphism of the ‘T’orus)
is a chaotic map from the torus into itself, named after Vladimir
Arnold. In the 1960s, Vladimir demonstrated the effects of the map
using an image of a cat, hence the name [1]. Assume that the torus T?
is the quotient space R?/Z2, Arnold's Cat map is the transformation
I: T? — T2, which is composed of two maps, horizontal P and
vertical Q maps, provided by: T'(x,y) = (2x + y,x + y) mod 1.

— T T2 5 N

Xg X1

Fig. 1: The two-dimensional T2 with the annuli P and Q. Cited in [2]
Many previous studies have examined various characteristics of the
Cat map. However, this study focuses on the map’s non-multifractal
behavior. I am studying invariant sets of area-preserving dynamical
systems. These can be computed by iterating initial conditions in
forward time, that is constructing the global unstable/stable manifolds.
From Ergodic theory unite tural square can be explained as follows;
given x = (p,v) € X, there is a unique straight line (vector) in T?
through the point p in the eigenvector’s direction v, as shown in Fig.
2a.

@ (b)

Fig. 2: Plotting a vector starting from a point p in the direction v.

We can extend this line infinitely in both directions by using the
identifications as shown in Fig. 2b.

In principle, doing the numerical experiments by growing the unstable
manifold is very easy. | could start with a collection of N points.
Ideally lying in along a line in the direction of the unstable manifold,
and simply iterate all these points forward in time.

(a) (b)

Fig. 3: Numerical representations of unstable manifold at the origin
of the Cat map, formed by iterating 1000 points forward 4 times
Fig. 3a shows a piece of local unstable manifold at the origin,
numerically generated and consisting of N = 1000 points. Fig. 3b
shows part of the global unstable manifold at the origin, formed by
iterating the 1000 points on the local unstable manifold forward 4

times.

Fig. 3 show the results of this procedure for the map. This is
numerically extremely simple, but the disadvantages are clear.

The action of the Cat map is to cause points on the unstable manifold

to separate under forward iteration, at the exponential rate given by the
eigenvalue A, of the jacobian of the map. This means that although
the local manifold in Fig. 3a may look like a solid line, the fact that it
is made up of individual points appeared clear in Fig. 3b. Here, the
unstable manifold has stretched to the extent that gaps are visible
between points. However, the line segments are still clear.

I could improve this figure by choosing a larger number of points N,

the exponential separation of points means that we have to increase N
exponentially to gain a linear growth in the length of the global
manifold, and this is numerically very expensive.
Bridging that research gap, this study will provide the endpoints
calculation method, which is a method to numerically construct a
global manifold for the Cat map.
This method relies on the piecewise linearity of the map, where an w-
measure will be employed to compute the proportion of the infinitely
long unstable/stable manifold which intersects the region (measurable
set), which is exactly what we do when we use box-counting methods.
By studying the construction of un/stable manifolds of the map, and
plotting the map, we should be able to observe whether the distribution
of the line segments is uniform or non-uniform and supposedly
singular.
Multifractals usually highlight the heterogeneity and self-similarity
exhibited by complex systems, unlike traditional fractals that utilise a
single scaling exponent. More details about the traditional fractals are
provided in [3].
This article provided a numerical method to construct the Cat map.
Next, a number of properties of the map are reviewed. After which,
tools to investigate the uniformity of the distribution of the line-
segments are provided. Then, theoretical multifractal functions are
computed. As a result, the study showed that the uniform distribution
of the line segments on the manifold ruled by the map has an effect on
the map's density, clustering, and dispersion.
The paper is organised as follows: the forward Cat map will be
introduced in section 2, where the line segments are parallel with a
gradient of the eigenvector v, will be computed on the unstable
manifold. Then, section 3 will provide the endpoints calculation
method. In section 4, the backward Cat map will be introduced where
the line segments are parallel with a gradient of the eigenvector v_
will be computed on the stable manifold.

In section 5, properties of the map will be reviewed, such as the
hyperbolicity of the map, and then the anosov diffeomorphism and
uniform hyperbolicity for the map will be explained. Moreover, the
Diagonalization of the Jacobian of the map will be presented.
Furthermore, an applied method to prove of the ergodicity of the map
will be provided. Section 6 shows the map’s non-multifractal
behavior. These are tools to investigate the uniformity of the
distribution of streamlines on the manifold. Lastly, in the conclusion,
the physical interpretations for the theoretical multifractal functions
will be provided.

2. The Forward Cat Map

The forward Cat map is composed of two maps: F(x,y) = (x +y,y),
0<y<1and G(x,y) =(x,x+y), 0<x <1. The composition
H(x,y) of the above two maps is given by: GoF = (x +y, x +
2y)mod 1, 0 < x,y < 1. The composition H has a Jacobian (} ;)
The eigenvalues of this Jacobian are A, = (3 ++/5)/2, while the
eigenvectors that correspond to the map’s eigenvalues are v, =

(-1)

The endpoints calculation method is a method to numerically
constructing the global manifold, that it simply contains straight line
segments of gradient given by the un/stable eigenvectors v,. It is
mainly used to compute the w-measure and build up a code to plot out
the un/stable manifold of the map, in order to study the behavior of the
map.
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3. Endpoints Calculation Method for the Cat Map
The endpoints calculation method is based on finding the endpoints of
the line segment, which is essentially a straight line that wraps around
the torus, which is dense in R? /Z? due to the slope of the vector v, is
irrational and its gradient is equal to (1 ++/5)/2. Fig. 4 shows the
three different regions where the line segments on the unstable
manifold connect different edges of the square; the first one connects
the bottom of the square to the top, the second one from the bottom to
the right-hand side, and the third one from the left-hand side to the top.
Cover the manifold with a grid box, and then by simple geometry, the
position of the endpoints of the line-segments can be computed, and
store only these endpoints, rather than many points on the manifold.
The geometry of these line segments is summarized in Table (1). In
practice, the endpoints are generated by repeatedly giving a start point,
then computing the corresponding endpoint via Table (1), given an
endpoint, then generating the next start point according to the toral
identifications of the sides of the square.
(VA —1)/2

C
A
B

I
(3-v5)/2
Fig. 4: Partition of the torus into regions where the unstable manifold
line segments connect different edges of the square, which gives a

better numerical representation of the unstable manifold at the origin
for the Cat map.

Table 1: Coordinates of start and end points of line segments in the
unstable manifold, in each region shown in Fig. 3.
Region Start point End point
A (x,0),x €[0,(3 —V5)/2] [x +2/(1+V5),1]
B (x,0),x € [(3—V5)/2,1] [1, (1 +V5)x/2]
c 0,9,y €[01] [(V5 - 1A =y)/21]

By building a code from the data in Table (1), we plot out the Cat map
in Fig. 4.

The following improves on this method of iterating loads and loads of
constituent points, using the fact that we know the gradient of the
unstable manifold. Numerically, a function is defined to compute the
start and end points of a global unstable manifold growing from the
origin. The list “starts” contains coordinates of the start points (those
on the left and bottom edges of the square), and “end” is a list of
coordinates of endpoints (on the right and top edges). It repeatedly
takes the last start point in the list, then uses that to find the
corresponding endpoint and adds that to the ends list. Then the next
start point is found by identifying the edges of the square.
The forward Cat map will be plotted by computing the line segments
on the unstable manifold for H. These are simply parallel lines with a
gradient (1 ++/5)/2.
4. The Backward (Inverse) Cat Map
The backward Cat map is composed of two maps: F(x,y)™! =
(x—y,9),0<y<1 and G(x,y) ' =(x,y—x),0<x<1. The
composition H(x,y) ' =F'oG™'=(2x—-y,y—x)mod1,0 <
-1
1
aredl, = (3% V/5)/2, while the eigenvectors that correspond to these

x,y < 1, has a Jacobian (_21 ) The eigenvalues of this Jacobian

. 1
mgenvalues are vy = (/1+ _ 1).

To compute the stable manifolds H=* which is the inverse map of H,
we write a corresponding function that simply grows the unstable
manifolds for H~1 in the same way as above. Note that this function
is not identical to the one above, as the geometry is slightly different,
we should have lines of negative gradient (1 —+/5)/2. See Fig. 5b.

[Python] plot the Forward CAT map
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[Python] plot the Backward CAT map
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Fig. 5: Plotting the Cat map using the endpoint calculation method.
Fig. 5a shows the forward Cat map. While Fig. 5b shows the
backward Cat map.

5. Properties of the Cat Map

5.1. The Cat Map Mixes well

Since the matrix has determinant 1, the inverse of the Cat map contains
integer elements, making it invertible.

42“@,

" ~
X/ S,

) N

<&
@) j s |

Fig. 6: The diagram cited by Sturman in [2] where (a) shows a unit
square of four parts stretched and squeezed by the Cat map into the
parallelogram, then re-assembled into a different shaded unit square.
While (b) shows a unit square that is mixing qualities by the Cat map
and shaded into quadrants.
5.2. The Hyperbolicity of the Cat Map
Definition 1: A linear map H: R™ — R" is hyperbolic if all of the
eigenvalues of the jacobian DH lie off the manifold (i.e. unit square
torus).
For example, when H(x,y) = (Ax,py) with0 < 1< 1 < u, we
have DH = <3
the unit square. The Cat map has a hyperbolic fixed point and it is
unique, the vertices of the square.
For 1;,i =1,2,3,...,n, the unstable (expanding) subspace E“ is
defined as a subspace of R™ and is the span of all eigenvectors
corresponding to |A;] > 1, which contains all vectors that are
expanding under the linear map H.
The stable (contracting) subspace E* as a subspace of R™ to be the
span of all eigenvectors corresponding to |1;| < 1. E® contains all
vectors that contract under the linear map H.
E? is the neutral tangent space, a subspace of R™, and is the span of
all eigenvectors corresponding to |1;| = 1 which contains all vectors
that do not have exponential expansion or contraction under the linear
map H. When E° = @ then the map H is hyperbolic.
5.3. The Diagonalization of the Jacobian of the Cat map
A matrix D = [d;;] € My,,(F) is diagonal if d;; = 0 whenever
j #i. If all the diagonal entries of a diagonal matrix are positive
(nonnegative) real numbers, we refer to it as a positive (nonnegative)
diagonal matrix.
Definition 2: If A and B are square matrices, then we say that B is
similar to A if there is an invertible matrix P suchthat B = P~ 1 A P.
Definition 3: A square matrix A is said to be diagonalizable if it is
similar to some diagonal matrix; that is, if there exists an invertible
matrix P such that P~ 1 A P is diagonal. In this case, the matrix P is

2) and the eigenvalues A and u by definition lie off
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said to diagonalize A.

A Procedure for Diagonalizing an n X n Matrix is provided by [4] :
Step 1. Determine first whether the matrix is actually diagonalizable
by searching for n linearly independent eigenvectors. One way to do
this is to find a basis for each eigenspace and count the total number
of vectors obtained. If there is a total of n vectors, then the matrix is
diagonalizable, and if the total is less than n, then it is not.

Step 2. If you ascertained that the matrix is diagonalizable, then form
the matrix P = [p; p, ...pn] Whose column vectors are the n basis
vectors you obtained in Step 1.

Step 3. P~ 4 P will be a diagonal matrix whose successive diagonal
entries are the eigenvalues A4,1,,...,4, that correspond to the
successive columns of P.

The Diagonalization of the Jacobian of the Cat map can be shown as

follows: A = [1 1], the eigenvalues are 1, = (3++5)/2. The

eigenvectors that correspond to A, is p; = (1, (1 +v5)/2). While

for A_is p, = (1,(1 — V/5)/2). There are two basis vectors in total,
1 1

so the matrix P = [1+\/§ 1-v5[, So we can find
2

3+V5
—p-1ap— | 2 ; ; ;
D=P 1AP = o 3| i.e A diagonalized by P.
2
Moreover, for any integer number k, D* = (P~1 AP)k = p— 1 A*P,
.plo — p—1 g10p — [4181 67651 _ p-1 10
For example: D' = p~1 AP = [6765 10946]—(P AP)'°.

5.4. Anosov Diffeomorphism and Uniform Hyperbolicity

For each point x in T?, denote by ES(x) and E%(x) the one-

dimensional subspaces of the tangent space obtained by the translation

of the eigenlines of DH. These subspaces are called the unstable and

stable subspaces at x, respectively.

Definition 2: A diffeomorphism H: M — M of a compact Riemannian

manifold M is Anosov if there exist constantsc > 0,0 <1 < 1 and

a continuous splitting of tangent space T,M = Ei @ E} at each

X € M such that:

D,HE; =
W EN - g @)

Dy HEY = E}.

That is E; and E¥ should be invariant under the action of the

derivative DH. Thus we take the stable subspace map to stable

subspace, and the unstable subspace map into unstable subspace as we

iterate the map.

(Condition2) ={

Efen
(Condition1) ={ Hx)

[ID, H™ vg|| < cA™||vs| for vg € Ef, o)
1D, H" v,|| < cA||v,|| for v, € E¥.

That gives a rate of expanding for vectors v € E¥ under forward
iteration, and contraction for vectors v € E under backward iteration.
Note 1: For a differentiable map (a diffeomorphism), “uniformly
hyperbolic” and “Anosov” are the same thing. They both express the
idea that at every point in the space, the tangent can be split into stable
and unstable directions (subspaces), with exponential contraction in
the stable direction, and exponential expansion in the unstable
direction (where this contraction and expansion are bound away from
zero). This is the second condition (2). Moreover, the unstable and
stable subspaces are invariant (this is the first condition (1)).

Note 2: If map H did not meet the condition of uniform hyperbolicity,
then we say H is a non-uniformly hyperbolic map.

From the definition of Anosov diffeomorphisms in condition (2) and
by assuming ¢ = 1, that gives as:

[ID H*™ v_|| < A¥"||lv_|| whenever v_ € ES(x)andn =0, (3)
ID H™ v, || < A7"||lvy || whenever v, € E¥*(x)andn =0, (4)
The Cat map satisfies these conditions with A, and A_ being the
eigenvalues given above, with associated eigenvectors v, and v_.

For the Cat map; ||D HY v_|| < A2 |v_||
1
&
T2

e[ ()] -9

\/(%E)Z +(2-v5) J(3 f)z + <1 + (1;_@)2) -

+1

25 115

2 2
1 1 +n (3.5 +n

Atn > 1: || v_”—(T) ol

+n

ol ey (5 e
=5 2] = (57
Here as n goes tooothen/l - 0, so we get:
= 1(2:™) _II—< \/g) llv-Il
Since 1, = 2\/_ That confirm the Cat map is diffeomorphism

Anosov and it is uniformly Hyperbolic.

5.5. The Lyapunov exponent for the Cat map

The Lyapunov exponent at a point x in direction v is given by:
1
XE(x,v) = nliTooZlog”D HP vy | (5)
whenever the limit exists. It is a straightforward calculation to show
that the Cat map has the largest Lyapunov exponent given by log(1,).

Since v_ € Ef, v, € E}, n = 0, the Lyapunov exponent for the Cat
map is computed as follows;

3”) 0 5 4],
D H™ = —[1+\/_ 1- «’] (ﬂ)n iy ) (o)
2 2
ID H™ ||, = (3+T\/§) (\/25_\/—;1]1 +\/i§v2) 4 (3_Tﬁ)n+1 y

(\/25\751 v — %Uz).

Cop 1 S
Thus; nl_l)t;'loonlogIID H™ v||

o1 3+vE\"* 1 (vE-1 1 35
- i s (55)" (S s ) + (59)

(\/§+1v _1i, ))

25 L Vs

= AI_I)IOIO log 1, + AI_I)I.}O logA_

5.6. The Ergodicity of the Cat Map

For a set A and a map f, we say that A is f-invariant if f(A) = A4,
and that f is ergodic if there does not exist any splitting of the measure
space X = X; U X, into two f-invariant subsets X, and X, of strictly
positive measure.

The Cat map is well-known to be ergodic (a standard result that comes
from the equidistribution theorem), [2] provided proof of ergodicity of
the Cat map. In the applied method, the distribution of line segments
on the unstable manifold generated by the Cat map is shown in Fig.
7a., where we see the gaps between the line segments. Then in Fig. 7b.
the iteration time is increased until the gaps have disappeared, which
illustrates ergodicity of the map. In some other cases, the gaps will
never disappear if the map is not ergodic.

n+1

10 37 : 10

Ny .

04 04

02 02

" 00 02 04 06 08 10 " 00 02 04 06 08 10
(@) (b)

Fig. 7: Ergodicity of the Cat map. Fig. 7a shows the Cat map at
iteration time 5. While in Fig. 7b the Cat map at iteration time 14.
6. The Non-multifractal Behavior of the Cat Map
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To study the multifractal behaviors of a map in dynamical systems,
will investigate the distribution of stable and unstable leaves (i.e. the
line segments) on the manifold ruled by the map in three different
ways. Then will investigate the multifractal functions for the map, i.e.
the generalized fractal dimension D, that depends on the scaling
function 7, the partition function Z,(8). After which will compute
the monotonic function a(q) and plot the singularity multifractal
spectrum f(a). These tools essentially will provide the multifractal
behaviors of the map.

6.1. The Uniformity of the Distribution of the Line segments on a

Manifold Ruled by the Cat Map
1. The Probability Density Function (PDF) associated with the

intersection measure u*:

For a cross section y = {(x,y):O <x<1ly= %} is a
circumference. A normalized intersection measure u* describes the
local distribution of intersection points of y with the line-segments
governed by the Cat map on the manifold.

Probability density function (PDF) associated with u* is given by
covering a horizontal strip of the manifold with n grid boxes, such as
128 hoxes, then the x-axis will be [1,2,3,...,128]. To plot the PDF
function, the y-axis will be the number of line-segments inside each
chamber of the grid-box. If each of these boxes has the same amount
of line segments, then the PDF intersection measure will be
represented as a flat histogram as shown in Fig. 8a, where the data
indicate clearly that the PDFs are convergent, hence we have a uniform
distribution of the line segments on the manifold. Thus the map has a
non-multifractal behavior.

2. The cumulative curve associated with the intersection measure

IS

The cumulative curve associated with u* is given by the cumulative
curve of the intersections of the unstable leaves with the cross-section

= 1/4, which is computed by covering the horizontal curve y =
1/4 with n grid boxes, such as 128 boxes. Then the x-axis will be
[1/128,2/128,3/128,...,128/128 ], while the y-axis is a list of the
cumulative curve of the intersection points of the cross-section y =
1/4 with the line segments inside each chamber of the grid-box as
shown in Fig. 8b.

[Python] plot PDF intersection for the CAT map " (x) for the CAT map

30

25

2.0

&
el

@ (b)

Fig. 8: Fig. 8a shows the histogram of the PDF functions for the
unstable Cat map at a numerical iteration time = 14. Fig. 8b shows
the cumulative curve for the unstable Cat map at a numerical
iteration time = 14.

In geometry, consider the cumulative curve in Fig. 8b as the length of
hypotenuse, and x-axis and y-axis represent lengths of the triangle's
other two sides, each one equal 1. Then from the Pythagorean theorem,
the hypotenuse ‘s length is equal to the sum of squares of the other two
sides' lengths, which gives us v/2. Thus in the case of the Cat map, the
distribution of the un/stable leaves (line segments) is a uniform
distribution, and the length of the cumulative curve in Fig. 8b is V2 =

1.41421.

3. Theintersection between the stable and unstable manifolds of the
Cat map:

The third tool is the measure given by the intersection of the unstable

manifold with the stable manifold for the forward and backward Cat

maps respectively. we consider the intersections of these sets of lines

and find the intersection of a pair of lines (which are given by their

endpoints), then we observe the uniformity of the distribution of

intersection points, where it is clear from Fig. 9b.

6.2. The Classical Multifractal Formalism

The classical multifractal formalism is the theoretical multifractal
measure generated by p-model, we use the multinomial theory to
compute the multifractal functions.

The method is clearly explained by Stephen Lynch in [5], where the
multifractal dimension is the generalized fractal (box-counting)
dimension that works by covering a measurable set with a minimum
number of boxes with size length & (with no overlap if possible).

Lo intersection of un/stable manifolds at (1-p)=(1-gq)=1

intersection of the un/stable manifolds when (1-p)=(1-q)=1
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Fig. 9: Distribution of the intersection points of the un/stable
manifolds of the Cat map. Fig. 9a shows the intersection of un/stable
manifolds that are presented in Fig. 5. The intersection points are
plotted in Fig. 9b.

In this way, the box-counting dimension will be obtained from the
limiting gradient, as § goes to zero. More details in [6].

Letusassume S ¢ R< isan object and y is a (self-similar) probability

measure defined on S. Let B; (1) be a cover of boxes of length size [,

where i is an index. The probability measure u(B) is determined by

covering S with a grid of B;(!) where i is from 1 to N, the number of
.. R 1

boxes is indicated by N o =

Forgq € R, n = 1,2, if we cover the object S with N(8) = n* of balls

of diameter § = ¥, where k is the iteration time 0,1,2, . ..

The Scaling function 7(q) is a decreasing real analytic function from
R — R, and given by the following formula:

_ InZ,(6)
7(q) = Dg(1 —¢) = lin Om (6)
Z4(6) is the partition functlon which given by:
2,() ‘ZPL ® =@ +pD )

where D, is the generallzed fractal dimension.
We also calculate the measure p by covering the object by (N;(6)),
boxes with size &, then find p;(8) = u(N;(8)) = w; the box measures.
The normalized probabilities u; (g, §) is given by;
(@8 =D (g

L10:9(5)
This allows us to compute the monotonic function a(q) and the
spectrum f(q) using the multinomial theory as follows;

ZiL14i(q,8) Inpi(8)

vq € R a(q) zl\;sifg) 3 ) ()
. Xieq 4i(q,6) Inp(q, )
fl@) = lim ™ -0

6.3. Analytical Computing for the Multifractal Functions for the
Cat Map

Suppose the unstable manifold of the Cat map is uniformly distributed,

then:

Lemma 1: The unstable manifold for the Cat map has D,

f(@) = a(q) = 1Vvq.

=2 Vqand

CAS Vol.04 No. 3 2025

263



The Non-multifractal Behavior for the Continuous Automorphism of the Torus (Cat) Map

Alsendid.

0.8+

0.6

0.4+

021

0.0+

0.0 0z 04 0.6 0.8 1.0

Fig. 10: Here we cover the torus with n x n boxes
Proof: We cover the torus with n? boxes of side § = %
Since the unstable manifold is uniformly distributed, the length
function in each box is p; = %

Then the partition function Z, = 37, p;9 = n>1~ and we have

7(q) = lim log Zq =2(1—-¢q).
n—oo logn
The generalised dimension D, = g =2,Vq , as the unstable

manifold cover the whole torus uniformly.
The normalised probabilities u; (g, &) are given by

_opi® on
wi,8) = Y pa(s) n2t-a n=*(= po.
Then
X logu; I n? logn™?
J@) = el = logn=2 logn=2 =1

6.4. The Asymptotic Scaling Behavior of the Spectrum f(a)

By determining a, as a singularity exponent and f, a density
exponent, and for any given g € R, the construction of the spectrum
f(a) has two labels, L(left) where g € R,, and R(right) where q €
R_, the domain of f(a) is a;. The spectrum f(a) expectedly
contracts to the leftmost and rightmost points on the spectrum.

f (a) approaches fr,;, (i.e., the minimum of f;) from both sides: the
leftmost point where the domain of f(a) is a;,;, and g tends to (4o),
and the rightmost point where the domain of f(a) iS amqy and q
tends to (—o0). See Fig. 11.

The f(a)-spectra among groups showed distinctively different shapes
and symmetry. The curvature and the symmetry of the f (a)-spectra
provide information on the heterogeneity of a system, which is defined
by the diversity of scaling exponents required to characterize it, which
is highly associated with D, a(0), and D;.

These functions represent the behavior at or around the maximum
point of the f (a)-spectra.

line of slope q q=1

Do=r(ao)

q=-c<

Legendre transform

7(q) = aq — f(a)

Important points on the f(a) curve
Fig. 11: The relation between the Multifractal Functions. Cited in [7]
6.5. Physical Interpretations for the Theoretical Multifractal
Functions
By computing the numerical spectrum of singularity f(a(q)) can be
obtained from the Legendre transformation as follows;
fla@) = qa(q) + 1(q) (A1)

we compute the density (height of the f(«) curve) [8], the dispersion
(width of the f () curve) Aa = apax — amin [9-10], the clustering

coefficient Af = f(@min) — f(@max) [8], and the Skewed
parameter s = —max"%o[17.13].
Xo—Amin

7. Conclusion
The paper mainly provided the endpoints calculation method, which
is based on finding the images of the endpoints of the line segments
(straight lines wrap around the torus) ruled by the map, which is dense
in R?/Z? due to the irrational slope of the eigenvectors. In the case of
the Cat map, three different regions are proposed in which the unstable
manifold line segments connect different edges of the square. We
cover the manifold with a grid box, and then we compute the endpoints
of the line-segments' images using simple geometry and store only
these endpoints rather than many points on the manifold.

In this research, the classical multifractal formalism is employed to

investigate the non-multifractal behavior of the Cat map, and a careful

computational approach was utilised to show the results using Python
data science.

The behavior of the map was studied in section 6 in two ways, firstly

by investigating the uniform distribution of the line segments on the

manifold. Then by computing the theoretical multifractal functions for
the map. The curve of the generalized fractal dimension D, is
essentially constant for all g. While the physical interpretations for the
theoretical multifractal functions are shown by figuring out the
numerical spectrum f'(a), where the non-multifractal of the map is
determined when the width of the f(a) spectrum is zero, i.e., the

distance between a0 — Amin = 0.

The Cat map displayed an exactly homogeneous dispersion, with the

smallestvalue Aa = Af =0anday =Dy =s = 1.

The results of the research show that the uniform distribution of line-

segments on the manifold ruled by the Cat map influences the map's

density, dispersion, and clustering.

8. Appendix

The Python code utilised to conduct the numerical analysis and plot

the forward and the backward of the Cat map is available at

https://github.com/lbrahimAlsendid/Classic-multifractals.git
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