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Convergence Sequence converges is an important research object in topology and analysis, since it is closely
Compactness related to continuity, compactness and other related properties. In this article, we use the notion of
Countability axioms regularly convergence, which is a generalization of the convergence notion, to define the regularly
Hausdorff spaces sequentially closed sets and the operator of regularly sequential closure; then we consider thier

Regular open sets
Sequential spaces

charactarizations and prove that the convergence and regularly convergence are coincide in regular
spaces. Finally we introduce new axioms by involving 5-open sets and regular open sets with the
concept of regularly convergence; namely 3-sequential space and r-sequential space, when we show
that there are no general relations between these new spaces and the sequential space, in addition we
prove some statements as; r-first countable space is d-sequential, r-sequential space is stronger than
d-sequential space and the spaces 3-sequential and sequential are coincide both in regular spaces and
in compact r-T2 spaces.
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Introduction:

Sequential space originally was due to Franklin in 1965 [1], where he

sequential. Kornas and Arwini in 2020, used the concept of dense

introduced sequential open sets and sequential closed sets, and used
them to study the properties of sequential spaces, moreover he
showed that this space is one of the weakest axioms of countability
[2].

In 2014, Sudip [3] introduced I-sequential topological space, which
is a strictly weaker than the first countable space, few years later,
Shou Lin and Li Liu [4] defined G-sequential space via the concept
of G-closed set, and they proved that every sequential space is G-

sets to defined the space of dense-sequential space; namely D -
sequential space, where this space is strictly weaker than the
sequential space [5].

The concept of regular open (r-open) set in topological spaces, was
introduced in 1937 by Stone [6], this set was also considered in the
semiregularization space [7, 8]. The complement of r-open set is
called r-closed set, and the family of all r-open sets and r-closed sets
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in a space X are denoted by RO(X) and RC(X), respectively. In 2011,
Abdullah and Radhy [9] defined the r-limit points, r-neighborhood
and studied their properties, and introduced certain types of r-
irresolute (r-strongly open and r-strongly closed) functions, in
addition, they investigated the concepts of regularly converges via
regular open sets. In 2020 [10], Kornas and Arwini used the concept
of r-open sets to define a generalization class of countability axioms
namely r-countability axioms. This class of axioms includes r-
separable spaces, r-first countable spaces, r-Lindel6f spaces, r-o-
compact spaces and r-second countable spaces [10]. In this article,
we extend this work to conclude new axioms of countability by
involving regular open sets and §-open sets with the notion of
regularly convergence; namely r-sequential space and §-sequenial
space. Then we study their properties and investigate some inter-
relations between these new spaces and sequential space in regular
space and in compact r-T, space.

We divided our article into five main sections as; introduction,
preliminaries, r -sequential space, § -sequenial space and finaly
conclusion.

2. Preliminaries

In this section we recall the basic definitions, theorems and some
properties regarding regular closed sets, sequential spaces, r -
countability axioms and r-compact spaces, needed in this work.
Throughout this paper X or (X, t) represents topological space, and
for a subset A of a space X, A,A°,X / A denote the closure of A, the
interior of A, and the complement of the set A in X; respectively.

2.1. Regular Closed Sets

Definition 2.1.1. [6, 11] A subset B of a space (X, t) is called regular
closed (briefly r-closed) if B = B°, while the set B is called 5-closed
set if B is the intersection of r-closed sets. The complement of r-
closed set is called r-open, and the family of all r-closed sets and r-
open sets in X are denoted by RC(X,t) and RO(X, 1), respectively.

Theorem 2.1.2. [6] A subset W of a space X is r-open iff W = Wo.
Remark 2.1.3. [11] In a topological space X, we have:

1. Every r-closed set is §-closed set.
2. Every 6-closed set is closed set.

r-closed set = §-closed set = closed set

Corollary 2.1.4. [6, 11]

1. Intersection of r-closed sets is not necessarily r-closed.
2. Finite union of r-closed sets is r-closed.

3. Finite intersection of r-open sets is r-open.

4. 5-open set is a union of r-open sets.

Theorem 2.1.5. [10] In regular space X, any open set can be
expressed as a union of r-open sets.

Corollary 2.1.6. [10] In regular space X, if A € X, then:
1. Ais open set if and only if A is §-open.
2. Aisclosed if and only if A is §-closed.

Definition 2.1.7. [9] Let A be a subset of X then, the r-closure of A
defined as the intersection of all r-closed sets containing A, and is

denoted A

Theorem 2.1.8. [9, 11] Let X be a space and A, B € X, then:
1.A is 5-closed set but not r-closed set in general.
2.ACACA.

3.If Aisr-closed then A = A .
4.Ais 5-closed if and only if A=A .

=
54 =A.
6.IFACB,thenA CB .

Definition 2.1.9. [9] Let X be a space, and x €X. An r-
neighborhood of x is any subset of X which contains an r-open set
containing x. The collection of all r-neighborhoods of x is denoted

by N,.(x).
2.2. Sequential Spaces

Definition 2.2.1. [12] Let X be a topological space, a sequence of
points (x,,) € X is said converge to a point x € X (written x,, — x)
if for every neighborhood U of X which contains x there exists an
N € N such that for all n > N then x,, € U. The point x is called a
limit point of (x,) writtenrlli_{rgo X, = X.

Theorem 2.2.2. [1] If A € X, then A contains the limits of all its
convergent sequences.

Corollary 2.2.3. [13] If A'is closed subset of X, then A contains the
limits of all its convergent sequences.

Theorem 2.2.4. [14] Let X be a T, space and (x,,) be a convergent
sequence. Thenthe lim x,, is unique.
n—-oo

Theorem 2.2.5. [15] If a space X satisfy that any converges sequence
has a unique limit point, then X is T;.

Lemma 2.2.6. [16] Let X be a first countable space. For each x € X,
there is a countable nested local basis {U,,} of x such that U; 2 U, 2
20, 2 If x, €U, for all n, then x,, is a converges to x.

Theorem 2.2.7. [17] Let X be a first countable space and has the
property that every convergent sequence has a unique limit then X is
T, space.

Definition 2.2.8. [1] Let X be a topological space, and let A be a
subset of X. We say that A is a sequential closed if it contains all the
limits of all its sequences.

Corollary 2.2.9. [18] In any topological space every closed subset of
X is sequentially closed, but not conversely.

closed set = sequentially closed

Theorem 2.2.10. [14] If X is a first countable space, a subset A of X
is closed if and only if whenever a sequence (x,,) in A satisfies x,, —
x, then we have x € A.

Theorem 2.2.11. [14] Let X be a first countable space and Y < X, and
then Y is the set of all limits of sequences from Y.

Corollary 2.2.12. [14] Let X be a first countable space a subset Y <
X is closed if and only if Y is sequentially closed.

Definition 2.2.13. [18] Given a subset A of a topological space X, the
sequential closure of A is denoted by [A],.4 and defines as: the set of
all points x € X for which there is a sequence in A that converges to
x. Thatis [A]seq = { x € X: there exists (x,) € A: (x,) = x}

Theorem 2.2.14. [18] If A is a subset of a topological space X, then:
1L AC [Alsq forallAc X

2. [Alseq € A.
3. Ais sequentially closed if and only if A = [A] .
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4.If A € B, then [A]seq S [Blseq-
5. [AUB]seq = [A]seq U [B]seq-
6. [A n B]seq c [A]seq n [B]seq-

Definition 2.2.15. [5] A topological space is said to be sequential
space if given any subset of it which is not closed, there is sequence
of points in the subset having a limit, which lies outside the subset.

Theorem 2.2.16. [18] Let X be a topological space and A subset of
X. Then the following conditions are equivalent:

1. X is sequential space.

2. [Alseq = A.

3. Alisnon closed [Alseq / A # .

4. A'is sequentially closed then A is closed.

Corollary 2.2.17. [15] Every first countable space is sequential.
first countable = sequential

Theorem 2.2.18. [10] Relation between countability axioms is
given in the following diagram:

zeparahls

zecond countshls — first countable _ zegquental

S Lindelsf

Diagram 1. Relation between countability axioms

2.3. R-Countability Axioms and R-Compactness

Definition 2.3.1. [10] In a topological space X, a collection 8B, of r-
open sets that contains x is called r-local basis at x if for any r-open
set W such that x € W there exists B,, in B, suchthatx € B, € W.

Definition 2.3.2. [10] A topological space X is called:

1. r-separable if there exist a countable r-dense subset of X.

2. r-first countable space if for every x € X there is a countable r-
local base 8B, of X.

3. r-Lindel6f (nearly Lindel6f) space if every cover of X by
regularly open sets has countable subcover.

4. r-second countable space if X has a countable r-base.

Theorem 2.3.3. [10] In regular space: r-countability axioms and
countability axioms are equivalent.

. ) regular . )
r-countability axioms < countability axioms

Theorem 2.3.4. [10]

1. Every r-second countable space is r-separable, r-first countable
and r-Lindel6f space.

2. r-countability axioms are generalization of countability axioms.

Definition 2.3.5. [10] A space X is called r -compact (nearly
compact) space if every r-open cover of X has a finite subcover.

Theorem 2.3.6. [9]
1. Any compact space is r-compact.
2. Any closed subset of compact space is compact.

Theorem 2.3.7. [10] The implication of r -countability axioms
among themselves and with the classical countability axiom is shown
in the following diagram:

separshk — t-separdle first countabla

~ N

secord countshle s r-second countsh e mep r-fivst countdele
Lindelsf — r-Lindelaf
compact — t-compact f

Diagram 2. Relations between r-countability axioms, countability axioms
and r-compactness.

2.4, R-Separation Axioms

Definition 2.4.1. [19] A space X is said to be:

1. r-T; if whenever x, y are distinct points in X, there exist r-open
sets U and V such that U containing x but not y, and V containing y
but not x.

2. r-T, if for every pair of distinct points x, y of X, there exist
disjoint r-open sets U and V such thatx e Uand y € V.

Corollary 2.4.2. [19]
1. Every r-T, space is r-T;.
2. Every r-T; spaceis T;, wherei=1, 2.

Theorem 2.4.3. The relation between r-separation axioms and the
classical separation axioms is given in the following diagram:

# T} spac= \

rT,space ) T,spac: memp T space

Diagram 3. Relations between r-separation axioms and separation axioms.

3. R-Sequential Spaces
3.1. Regularly Convergence

Definition 3.1.1. [9] Let X be a topological space, and (x,,) € X be a
sequence. We say that the sequence (x,,) is regularly converges

(r—converges) to x € X (written x,, 5 x) if for every r-neighborhood
W < X which contains x there exist N € N such that for alln > N
the points x,, line in W. The point x is called a regularly limit point
(r-limit point) of (x,,) written Eggxn =x.

Examples 3.1.2.

1. In the cocountable topological space (X,t) where X = R, we
have RO(R, 1) = {R, @}. So the sequence (n)7* is r-converges to 0,
but not converges to 0, since N€ is open set around 0 but does not
contain any element of the sequence.

2. In the cofinite topological space (R, t), the sequence (n){° isr-
converges to any real number, since RO(R, 1) = {R, 8}.

3. In the discrete topological space (X, t), the sequence that r-
converge are ones with constant tails, since RO(X,1) = .

4. In the trivial topological space on X, every sequence r-converges
to any point in the space since RO(X) = {X, @}.

5. In the space (X,7) whereX = Randt = {@} U {UCS X:0 € U}
we have RO(R,1) = {R, @}. So any sequence is r-converges to any
point.

Proposition 3.1.3. In a space X, if a sequence (x,,) converges to a
point x, then (x,,) is r-converges to x, but the converse is not true see
example (3.1.2 (1)).

Theorem 3.1.4. Let A be a subset in a space X, and let (x,,) be a
sequence such that (x,,) € A and (x,,) is r-converges to x, then x €

-
A
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Proof. Suppose x & KT, then there exists an r-open set W such that
x EWandWnA=@. Since (x,) S A, we have W does not have

any of (x,,), which is impossible since (x,) Lx. Thereforex € A

Corollary 3.1.5. If X isa topological space and A < X is an r-closed
subset of X, then A contains the r-limits of all its r-convergent
sequences.

Proof. Since A is r-closed subset of a space X, we have A = A, and
by the theorem (3.1.4), then A contains the r-limits of all its r-
converges sequences.

Theorem 3.1.6. If X is regular space, and the sequence (x,) isr-
converges to a point x in X, then (x,,) converges to x.

Proof. Suppose U is an open set that contains x, then by the theorem
(2.1.5), U can be written as; U =U W,; where W, is r-open set for all
a. Since x € U then there exists a such that x € W, and since

>
(x,) = x then there is N € N such that x,, € W, foralln = N, sowe
have x,, € W, € U for all n > N, thus (x,,) = x.

Corollary 3.1.7. In regular spaces, the concepts of r-converges and
converges are equivalent.

Theorem 3.1.8. In r-T, space, any r-convergent sequence has a
unique limit point.

Proof. Suppouse X is r-T, space, and let (x,,) be a sequence in X has
two r-limits, say x and y. Since X is r-T, space, then there exist

disjoint r-open sets W and V with x € Wand y € V. Since (x,) Lx
and x € W, there is N € N such that (x,,) € W for all n > N, but
W NV =g, soV contains almost finite numbers of (x,,) members,

i.e. (x,) A y. This is a contraduction, hence x = y.

Theorem 3.1.9. If a space X satisfy that any r-converges sequence
has a unique r-limit points, then X is r-T;.

Proof. Suppose x and y are distinct points in X, then the sequence
(x) and (y) are r-converges to x and y; respectively. Hence

(x) » yand (y) » x, so there exist r-open sets W and V such that
y€EW3xandx € V3 y. Therefore X is r-T, space.

Lemma 3.1.10. Let X be an r-first countable space. For each x € X,
there is a countable nested r-local basis {U,,} of x such that U; 2
U,2:--20,2: If x,€U, for all n, then (x,) is an r-
converges to x.

Proof. Let X be an r-first countable space, and x € X, let {V,;:n € N}
be a countable r -local basis at x, and let U; =V;,U, =V, n
Vo, Up=ViNnV,N..NV,, .., then {U,,;:n € N} is the
desired nested r-local basis at x. If x,, € U,, for all n, then since the
U,, are nested and form an r-local basis, i.e. x,, is eventually in any
r-open set U. Thus (x,,) is an r-converges to x.

Theorem 3.1.11. Let X be an r-first countable space. Then X isr-
T, if and only if every r-convergent sequence has an unique r-limit.

Proof.

= Direct from theoem (3.1.8).

& Suppose that X is not r-T, space, there exist two distinct points
x,y € X, that can not be separated by disjoint r-open sets. Now
since X is r-first countable space, there are r-local bases {U,:n €
N} and {V,;: n € N} at x and y; respectively. The r-bases members
satisfy U, n'V,, # @ for all n, since x and y can not be separated by

r-open sets. Letx, € U, NV, then (x,) is r-converges to x and
y, this contraduct the assumption. Hence X is r-T, .

3.2. Regularly Sequentially Closed

Definition 3.2.1. Let X be a topological space, and let A be a subset
of X. We say that A is a regularly sequentially closed (brifely r-
sequentially closed) if it contains all the r-limits of all its sequences.

Examples 3.2.2.

1. In the discrete topological space X, every subset of X is -
sequential closed and sequentially closed.

2. In the cofinite topological space X, any non-empty finite subset of
X is sequentially closed but not r-sequential closed.

3. In the cocountable topological space X, any non-empty set is
sequentially closed, because if A € X, and (x,,) S A. Lety & A,
then {x,,}¢ is open in X and contains y but does not contain any of
(x,) members, so (x,,) + y where y & A. Now RO(X,7) = {X, 8}.
, hence the only r-sequentially closed set is X, i.e. any non-empty
proper subset in X is sequentially closed, but not r-sequentially
closed.

4. In the usual topology on R the singelton {0} is r-sequentially
closed but not r-closed.

Corollary 3.2.3. In any topological space, every §-closed subset of
X is r-sequentially closed.

Proof. Let A be a 5-closed subset of X, then A = A , since every r-

limits of a sequence is part of A’ then A contains the r-limits of all it
is sequence, hence A is r-sequentially closed.

Corollary 3.2.4. Every r-closed subset of X is r-sequentially closed,
but the converse is not true, see example (3.2.2 (4)).

Corollary 3.2.5. Every r-sequentially closed set is sequentially
closed, but the converse is not true, see example (3.2.2 (3)).

Proof. Let A be an r-sequentially closed subset in a space X, and let
(x,) be a sequence in A that converges to x, then (x;) is r-
converges to x, since A is r-sequentially closed subset, then x
belongse to A. Hence A is sequentially closed.

Theorem 3.2.6. If X is a regular space then, every sequentially
closed set is r-sequentially closed.

Proof. Let A be a sequentially closed subset of X, and let (x,,) be a
sequence in A that r-converges to x, since X is regular space, then
(x,) is converges to x and since A is sequentially closed, then x is
belongs to A. Hence A is r-sequentially closed.

Theorem 3.2.7. If X is an r-first countable space, then a subset A of

X is §-closed iff whenever a sequence (x,,) in A satisfies (x;,) Lx,
then x € A.

Proof.

= Direct from theorem (2.1.8 (4)) and theorem (3.1.4).

& Suppose that A is not §-closed subset of X, and let x € A /A
and B, = {U; € X:i =1, 2,...} be a countable r-local base at x, by
theorem (3.1.9) we define a new family V; of r-open sets as V; =
U; nU, N ..nU;. From corollary (2.1.4 (3)) the sets V; are r-open
that contain x, and V; € U; for all j = i. Pick an arbitrary element
x; € V; N A, and by theorem (3.1.9) x; is an r-convergent sequence
at x, since x; € A and lii_rpo: x; = x, we conclude that x € A, which

is a contradiction. Thus A’ = A, i.e. Ais §-closed.
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Example 3.2.8. The usual topology on R is r-first countable space
(since it is first countable), and if A = {03}, then the only sequence in
A is the constant sequence (0)7°, Which is r-converges to 0 € A, but
Ais not r-closed set.

Corollary 3.2.9. If X is an r-first countable space, then a subset A of
X is §-closed iff A is r-sequentially closed.

3.3. Regularly Sequential Closure

Definition 3.3.1. Let A be a subset of a topological space X, the
regularly sequential closure (brifely r-sequential closure) of A is
denoted by [A],_sq and defines as: the set of all points x € X for
which there is a sequence in A that r-converges to x: that

iS [A],_seq = {x € X: there exists a sequence (x,) € A: (x,)

N x}

Examples 3.3.2.
1. In the discrete topological space X, [A]l,_seq = A = A, for every
subsets A of X.

2. In the cofinite topological space X, [A],_seq = A =X, for every
non-empty subsets A of X.

Theorem 3.3.3. Let X be a topological space and A, B are subset of
X, then:
1L AC [Alygeq forallAcX.

2. [Alyseq € A .

3. [A]seq c [A]r—seq-

4. Aisr-sequential closed iff A = [A], gq-
5. 1f A C B, then [Al,_seq € [Bl—seq-
6.[AU B]r—seq = [A]r—seq u [B]r—seq~
7.[AN B]r—seq c [A]r—seq n [B]r—seq~

Proof.

1. Let x € A, then the constant sequence (x) r-converges to x,
hence x € [A];_geq-

2. Every r-limit of a sequence is part of r-closure.

3. Suppose x & [A],_seq, i-€. any r-converges sequence (x,) in A
can not r-converges to x, then any converges sequence (x,) in A
can not converges to x, thus x & [A]seq-

4. = From number (1) we have A € [A],_seq — (1). Now letx €
[Al;—seq. then there exist (x,,) € A such that (x,,) r-converges to x,
since A is r-sequential closed, then x € A, hence [A], 5. S A —
(2), by (1) and (2) we have A = [A];_eq-

& Let (x,) be asequence in A, and (x,,) is r-converges to x, x € X
then x € [A],_seq, SO A = [A],_seq, thenx € A. Hence Ais -
sequentially closed.

5. Suppose x & [B],_s.q, SO any r-converges sequence in B can not
r-converges to x, and since A € B, then any r-converges sequence
in A can not r-converges to x, then x & [A],_seq. Hence [A],seq €
[B]r—seq-

6. < Since A< AU B, and B £ AU B, we obtain [A],_s.q S[AU
B]r—seqv and [B]r—seq < [A u B]r—seqv then [A]r—seq u [B]r—seq <
[A v B]r—seq-

= Let x € [A U B],_q, then there exist (x,) € AU B r-converges
to x, then infinite numbers of the sequence (x,,) contained in A or
B, so we obtain a subsequence in A or B that r-converges to x, i.e.
X € [A]r—seqv orx € [B]r—seqv hence x € [A]r—seq u [B]r—seq-
7.SinceANB S A, and AN B € B, then [A N B],_¢q € [Aly—seq
and [A n B]r—seq & [B]r—seq- Hence [A n B]r—seq & [A]r—seq n
[B]r—seq-

Example 3.3.4. Let X =N, t={N,9,{1},{1,2},{1,2,3},...}, then
RO(X,t) ={N,0}. If A={1,3,5,7,..}, and B={2,4,6,8, ...},
then [Aly—seq = N, and [Blr—seq = N, [Alr—seq N [Blr—seq = N, but
[ANBrseq = @, then [ANB,—geq # [Alr—seq N [Blr—seq-

3.4. R-Sequential Space

Definition 3.4.1. A topological apace X is said to be regularly
sequential (brifely r-sequential) space if given any subset of it which
is not r-closed there is sequence of points in the subset having an r-
limits, which lies outsid the subset.

Examples 3.4.2.

1. The cocountable topological space X is r-sequential, but it is not
sequential (because any uncountable proper set is sequentially
closed but not closed).

2. The discrete topological space on uncountable X is r-sequential,
but it is not r-separable, r-Lindel6f, r-o-compact nor r-second
countable.

3. The cofinite topological space X is r-sequential and sequential
space.

4. The usual topology is sequential space but not r-sequential space,
since {0} is r-sequential closed but not r-closed.

Theorem 3.4.3. Let X be a topological space and A subset of X.
Then the following conditions are equivalent:

1. X is r-sequential space.

2. If A is r-sequentially closed, then A is r-closed.

Proof. 1=2)
Let X be an r-sequential space, and let A be an r-sequentially closed
subset of X, suppose A is not r-closed then from definition r -

sequential space there is a sequence (x,,) € A, and (x;,) L x where
x & A, but this contraduct, that A is r-sequentially closed, hence A is
r-closed. 2=1) Suppose
A'is a non r-closed subset of X, then by assumption A is non r-
sequentially closed, i.e. there exist a sequence (x,) S A and

(xn) Lx, and x € A. Thus X is r-sequential space.

Theorem 3.4.4. Let X be a topological space and A subset of X.
Then the following conditions are equivalent:

1. X is r-sequential space.

2. If Ais non r-closed, then [A],_s.q / A # O.

Proof.

1=2) Let X be a r-sequential space, and a subset A of X is non r-
T

closed, then there is (x,) € A with (x,,) > x wherex ¢ A, i.e.x €

[A]‘r—seql hence [A]r—seq /A * Q)

2=1) Suppose A is a non r-closed subset of X, then since [A],_s.q /

A+ @ there isx € [A],_geq, x € A, i.e. there is (x,,) € A, (x,,) Lx,
but x € A. Thus X is r-sequential space.

4. 8-Sequential Spaces

Definition 4.1. A topological apace X is said to be §-sequential space
if given any subset of it which is not §-closed there is sequence of
points in the subset having an r-limits, which lies outsid the subset.

Corollary 4.2. Every r-sequential space is §-sequential space, but
the converse is not true, see example (3.4.3(4)).

Theorem 4.3. Let X be a topological space and A subset of X. Then
the following conditions are equivalent:

1. X is §-sequential space.

2. If A is r-sequentially closed, then A is §-closed.

Theorem 4.4. Let X be a topological space and A subset of X. Then
the following conditions are equivalent:

1. X is §-sequential space.

2. If Ais non §-closed, then [A],_seq / A # @.

Theorem 4.5. In regular space X, the following conditions are
equivalent:
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1. X is §-sequential space.
2. X is sequential space.

Proof.

1=2) Suppose A is a sequentially closed subset of X, then from
theorem (3.2.6) A is r-sequentially closed, so A is §-closed set, we
obtain A is closed set. Thus X is sequential space.

2=1) Suppose A is r-sequentially closed subset of X, then A is
sequentially closed, since X is sequenital space then A is closed set
in a regular space, we obtain A is §-closed set. Thus X is §-
sequential space.

Corollary 4.6. Every regular r-sequential space is sequential.
Proof. Direct since any r-sequential space is §-sequential.

Theorem 4.7. If Ais a subset of an r-first countable space X, then

r

[Alr—seq = A

Proof. From the theorem (3.3.3 (2)) we have [A], .4 S A - D.

Now suppose x € A, since X is r-first countable space, we may
choose a countable nested r-local basis {U,} of x such that U; 2
U,2--2U, 2:,5since U, isr-opensetand x € U,,,x € A, each
U, intersect A, so choose x, € U, N A, hence (x,) is r-converges

tox, ie. A C [Aly—seq — (2). From (1) and (2) we get
[Alr—seq = A

Corollary 4.8. In r-first countable space, any r-sequentially closed
set is 6-closed.

Corollary 4.9. Every r-first countable space is §-sequential.

Example 4.10. The usual topology is r-first countable space but not
r-sequential, since {0} is r-sequential closed but not r-closed.

Lemma 4.11. Every closed subset of a compact, r-T, space is §-
closed.

Proof. Let A be a closed subspace of a compact, r-T, space X. Since
X is compact, then A is compact, so it is r-compact from theorem
(2.3.6 (1)). Now fix y € A€, since X is r-T, then for each x € A there
are disjoint r-open sets U,. and V, such thatx € U, and y € V.. We
obtain an r-open cover {U,: x € A} for A. Since A is r-compact then
it has a finite subcover {U,:x € I € A and lis finite}. Clearly U =
Y U, andV =irewI V, are disjoint, and V is r—open set satisfy y € V c
AC. Since y is an arbitrary point of A€, A® zyéJAc V, where V is r-

open for any y € A€, so A is §-closed.

Remark 4.12. In compact, r-T, space X, a subset A of X is open if
and only if A is §-open.

Corollary 4.13. Every sequentially closed subset of a compact, -
T, space is r-sequentially closed.

Proof
< Direct since any r-sequentially closed set is sequentially closed.
= Suppose A is an sequentially closed subset of X, and a sequence

(x,) € A with (x;,) L x. ifvisan open set such that x € V, then
form remark (4.12) and corollary (2.1.2 (4), V is 6-open set then
there is N € N such that x,, € V for all n = N, thus (x,,) - x,
sox € A i.e. Aisr-sequentially closed set.

Theorem 4.14. Let X be a compact, r-T, space. Then the following
conditions are equivalent:

corollary (2.1.6), A is a r-sequentially closed set and since X is §-
sequential space, i.e. A is §-closed set, then A is closed set. Hence
X is sequential space.

2=1) Suppose A is an r-sequentially closed subset of X, then by
corollary (3.2.4), A is a sequentially closed set and since X is
sequential space, i.e. A is closed set, then by theorem (2.1.2) Ais §-
closed set. Hence X is §-sequential space.

5. Conclusion

The purpose of this paper is to introduce the notions of regularly
sequentially closed set and the operator of regularly sequential
closure, when we illustrate their properties. Then we use these
notions to define two spaces, namely r-sequential space and 6 -
sequenial space, we investigate the characterizations of these spaces,
and their behavior in regular space and in compact r-T, space. Our
results are summarize in the following diagrams:

A. convergence = r-convergence.

B. Here we give the implication of r -sequentially closed,
sequentially closed, §-closed, r-closed and closed sets:

r-sequentally closed

-

r-closed — - closed sequentally closed

y clozed .
C. r-sequential space = &-sequential space.

r—sequential space

D. r-closed set

r-sequentially closed set.

S-sequential space

E. 6-closed set r-sequentially closed set.

F. Inregular space we have:

regular
= Convergence <—— r-convergence.
. regular .
= r-sequentially closed set —=— sequentially closed set.
) regular )
»  §-sequential space —<=——= sequential space.

) regular )
- r—sequentlal space ———— sequentlal space.

G. Inr-first countable space, we have:

r—first countable . -
unique r-limit.
r—first countable

= T,

= §-closed set r-sequentially closed set.

H. In compact r-T, space, we have:

compact 7%, s-closed set

compact r-T,

= closed set

= Sequentially closed set
set.

r-sequentially closed

compact r-T,

= sequential space &-sequential space.

I. We illustrate the implication of §-sequential space with the class
of r-countability axioms:

r-zeparab e

-

1. X is §-sequential space. r-zecond countable — r-first countab ke B-zegquental
2. X is sequential space. o
a P r-Lindelif r-zagquential
Proof
1=2) Suppose A is an sequentially closed subset of X, then by References
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